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Abstract. We study finite and infinite sums on the integer region 1 ≤ i ≤ n, i ≤ j ≤ ⌊iρ⌋,
with ρ > 1. Counting by columns gives an explicit multiplicity that supports seven
applications: lattice counts and skew diagrams, colored partitions, coprime pairs, finite
probability laws, two-rook placements, relative canonical products, and finite determinants
with Gaussian normalizations. The quadratic case has especially simple formulas, including
an exact totient identity and closed finite moments. A square-root deficit reduces the genus
of a relative product and gives a quantitative tail bound. Each construction is stated with its
counting conventions and proved directly; the classical combinatorial and analytic ingredients
are identified locally.

1. The region and its column counts

The level-count approach to rounded sums [1, 2] extends to integer pairs by counting
columns. We use one power-bounded region throughout; its multiplicities serve as weights in
sums and exponents in products.

Fix ρ > 1 and n ∈ N, and set
Rρ,n = {(i, j) ∈ N2 : 1 ≤ i ≤ n, i ≤ j ≤ ⌊iρ⌋}, M = ⌊nρ⌋ . (1.1)

The coupled condition j ≤ ip/jq gives this region with ρ = p/(q + 1), provided p > q + 1 > 1.
Put [x]+ = max(x, 0).

Proposition 1.1 (Column multiplicities). For 1 ≤ j ≤ M , the number of pairs with second
coordinate j is

cρ,n(j) = [min(n, j) −
⌈
j1/ρ

⌉
+ 1]+. (1.2)

For any scalar weight f ,
n∑

i=1

⌊iρ⌋∑
j=i

f(j) =
M∑

j=1
cρ,n(j)f(j). (1.3)

For any scalar factors vj, ∏
(i,j)∈Rρ,n

vj =
∏

1≤j≤M
cρ,n(j)>0

v
cρ,n(j)
j . (1.4)

Proof. For fixed j, the allowed indices are
⌈
j1/ρ

⌉
≤ i ≤ min(n, j). Counting them proves

(1.2). Sum or multiply the identical contributions in each disjoint column to obtain the other
identities. □

For ρ = 2 we abbreviate cn(j) = c2,n(j) and Nn = |R2,n|. The useful endpoint identity is

cn(j) = min(n, j) −
⌈√

j
⌉

+ 1 = min(n, j) −
⌊√

j − 1
⌋
, 1 ≤ j ≤ n2. (1.5)

Both forms include perfect squares correctly. For fixed j, letting n → ∞ gives

dρ(j) = j −
⌈
j1/ρ

⌉
+ 1, 1 ≤ dρ(j) ≤ j. (1.6)
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An infinite sum can therefore be regrouped under
∑

j≥1 j|f(j)| < ∞, or under nonnegativity
with an extended value.

2. Lattice counts and skew diagrams

The choice f(j) = 1 counts integer solutions of the inequalities in (1.1). Direct row counting
gives

|Rρ,n| =
n∑

i=1
(⌊iρ⌋ − i+ 1) ∼ nρ+1

ρ+ 1 . (2.1)

The asymptotic follows by comparing
∑

i≤n i
ρ with its integral; the rounding error is at most

n, and
∑

i≤n i = O(n2) = o(nρ+1).

Proposition 2.1 (Quadratic count). For n ≥ 1,

Nn =
n∑

i=1
(i2 − i+ 1) = n(n2 + 2)

3 =
n2∑

j=1
cn(j). (2.2)

Proof. Use the usual sums of the first n integers and squares. The final equality is Proposi-
tion 1.1 at f = 1. □

There is an exact skew-diagram interpretation in the usual English convention for partitions
[3, Chapter 7]. Set

λ = (⌊nρ⌋ , ⌊(n− 1)ρ⌋ , . . . , 1), µ = (n− 1, n− 2, . . . , 1).
The reversed row corresponding to i contains columns i, i + 1, . . . , ⌊iρ⌋ of λ/µ. Thus (2.1)
gives its number of cells, and (1.2) gives its column lengths. This identifies the region with a
specified combinatorial shape, rather than just with an unlabeled collection of points.

1 2 3 4 5 6 7 8 9j

i = 3
i = 2
i = 1

Figure 1. The eleven admissible cells for n = 3, ρ = 2. The dashed cells are
removed from the outer partition: the skew shape is (9, 4, 1)/(2, 1).

3. Colored partitions and occupation products

Assign a distinct type to each admissible pair (i, j), and give that type size j. A configuration
consists of nonnegative occupations mi,j ∈ N0 with total size

∑
(i,j)∈Rρ,n

j mi,j . This is a
finite-type colored-partition model within the standard weighted-partition framework [4].

Proposition 3.1 (Partition product and recurrence). Let pρ,n(m) count configurations of
total size m, including pρ,n(0) = 1. Then

Pρ,n(z) =
∑
m≥0

pρ,n(m)zm =
∏

(i,j)∈Rρ,n

(1 − zj)−1 =
M∏

j=1
(1 − zj)−cρ,n(j). (3.1)

For m ≥ 1,

mpρ,n(m) =
m∑

r=1

 ∑
d|r

d≤M

d cρ,n(d)

 pρ,n(m− r). (3.2)
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Proof. Each type of size j contributes its geometric series 1+zj +z2j +· · · . Multiplying counts
all independent occupations, and (1.4) groups types of the same size. Formal logarithmic
differentiation gives

zP ′
ρ,n(z)

Pρ,n(z) =
M∑

j=1
cρ,n(j) jzj

1 − zj
.

Expand the denominator geometrically and compare coefficients after multiplication by
Pρ,n. □

For fixed degree m, the coefficients stabilize once n ≥ m: every type of size at most m has
first index at most m. Their limit has generating function

Pρ(z) =
∏
j≥1

(1 − zj)−dρ(j), |z| < 1.

This product also converges analytically on the disk. Indeed, on |z| ≤ r < 1 its absolute
logarithmic series is bounded by a constant times

∑
j≥1 jr

j . Allowing each type at most once
instead gives

∏
j(1+zj)cρ,n(j) = Pρ,n(z)/Pρ,n(z2). These products encode specified occupation

rules; the skew shape alone does not impose tableau or plane-partition monotonicity conditions
on those occupations.

4. Coprime pairs and totient sums

The same region supports a two-index arithmetic weight:

Cρ,n =
∑

(i,j)∈Rρ,n

1gcd(i,j)=1. (4.1)

Unlike a weight depending only on j, this restriction retains information within each column.
Möbius inversion gives the finite formula

Cρ,n =
n∑

i=1

∑
d|i
µ(d)

(⌊⌊iρ⌋
d

⌋
−

⌊
i− 1
d

⌋)
. (4.2)

Here µ is the Möbius function. To prove it, use 1gcd(i,j)=1 =
∑

d|i, d|j µ(d) and count the
multiples of d in the row interval.

Theorem 4.1 (Quadratic coprime count). With φ(1) = 1,

C2,n = 1 +
n∑

i=1
(i− 1)φ(i) = 2

π2n
3 +O(n2 logn). (4.3)

Consequently, for a uniformly chosen pair in R2,n,

P(gcd(I, J) = 1) = 6
π2 +O

( logn
n

)
. (4.4)

Proof. For i > 1, the integers i, . . . , i2 − 1 consist of i− 1 complete residue blocks modulo i.
Each contributes φ(i) coprime values. The remaining endpoint i2 is not coprime to i. At
i = 1 the single pair contributes one. This proves the exact formula.

The classical estimate [5, Equation 27.11.6] Φ(x) =
∑

i≤x φ(i) = 3x2/π2 +O(x log x) and
partial summation imply∑

i≤n

iφ(i) = nΦ(n) −
∫ n

1
Φ(x) dx = 2

π2n
3 +O(n2 logn).

Subtract Φ(n) and add one. Division by (2.2) proves (4.4). □

This gives an exact arithmetic refinement of the lattice count. The density 6/π2 is the
familiar coprimality constant; the finite identity specifies its realization in this curved region.
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5. Probability laws on admissible pairs

Choose a pair (I, J) uniformly from Rρ,n. Let Nρ,n = |Rρ,n| and ℓρ,i = ⌊iρ⌋ − i+ 1. Then

P(I = i) = ℓρ,i

Nρ,n
, P(J = j) = cρ,n(j)

Nρ,n
. (5.1)

Conditional on I = i, J is uniform on the row interval. Thus choosing a row with probability
ℓρ,i/Nρ,n and then a uniform cell samples the whole region uniformly.

For any function f on the second coordinates,

E[f(J)] = 1
Nρ,n

M∑
j=1

cρ,n(j)f(j). (5.2)

This supplies moments, distribution functions and threshold probabilities by appropriate
choices of f .

Example 5.1 (A quadratic finite law). For n = 3 and ρ = 2, the multiplicities at j = 1, . . . , 9
are

(1, 1, 2, 2, 1, 1, 1, 1, 1).

They sum to N3 = 11, and exact summation gives

E[J ] = 52
11 , E[J2] = 310

11 , Var(J) = 706
121 . (5.3)

For general n in the quadratic case, direct row sums give

E[J ] = 1
2Nn

n∑
i=1

(i4 + i). (5.4)

Indeed, the sum of j from i to i2 is (i4 + i)/2. Classical power sums therefore evaluate this
mean polynomially.

6. Two-rook placements and compatible assignments

Regard row labels as resources and column labels as tasks, with an allowed assignment at
each cell of Rρ,n. Two assignments are compatible if they use different rows and columns:
they are two nonattacking rooks on the skew board [6]. Their count needs only the row and
column degrees.

Proposition 6.1 (Two compatible assignments). Let R2(ρ, n) count unordered compatible
pairs and let N = Nρ,n. Then

R2(ρ, n) = 1
2

N2 +N −
n∑

i=1
ℓ2ρ,i −

M∑
j=1

cρ,n(j)2

 . (6.1)

Proof. Start with
(N

2
)

pairs of distinct cells. Exclude the
∑

i

(ℓρ,i

2
)

pairs sharing a row and the∑
j

(cρ,n(j)
2

)
pairs sharing a column. These two excluded classes are disjoint: two distinct cells

cannot share both coordinates. Expanding the binomial coefficients and using both degree
sums equal to N proves (6.1). □

For n = 3, ρ = 2, the row-square sum is 59 and the column-square sum is 15, so
R2(2, 3) = 29. The formula counts two assignments; larger rook configurations require
additional intersection information.
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7. Relative canonical products and genus reduction

Let ρ > 1, β = 1/ρ and

rρ(j) = j − dρ(j) =
⌈
jβ

⌉
− 1.

The multiplicity j is the reference count, and rρ(j) is the number removed by the power
restriction. Since rρ(j) ∼ jβ,∑

j≥1
rρ(j)j−σ < ∞ ⇐⇒ σ > 1 + β. (7.1)

Define the standard primary factor Eg(w) = (1 −w) exp(
∑g

ℓ=1w
ℓ/ℓ). Canonical and modified

determinant constructions are classical [7, 5].

Theorem 7.1 (Normalized relative product). The products

Q0(u) =
∏
j≥1

E2(−u/j)j , Qρ(u) =
∏
j≥1

E2(−u/j)dρ(j), (7.2)

Rρ(u) =
∏
j≥1

E1(−u/j)rρ(j), Aρ =
∑
j≥1

rρ(j)
j2 (7.3)

define entire functions, and Aρ is finite. Their normalizations satisfy

Q0(u)
Qρ(u) = Rρ(u) exp(Aρu

2/2). (7.4)

The quotient has its removable values at common zeros. The least primary-factor genus is 2
for each full spectrum and 1 for the deficit spectrum.

Proof. Uniformly on compact u-sets, logEg(−u/j) = O(j−g−1) as j → ∞. Thus dρ(j) ∼ j
permits genus 2, while (7.1) permits genus 1 for the deficit. The corresponding lower genera
fail because their leading logarithmic terms have constant sign at a fixed small positive u and
divergent absolute magnitude.

At every finite level, E2(−u/j) = E1(−u/j) exp(u2/(2j2)). Raise this equality to rρ(j),
multiply and pass to the locally uniform limits. This proves (7.4), initially away from zeros
and then at their removable common factors. □

The lower-genus product has an explicit approximation bound. If Rρ,L is the product
through j = L, then for |u| ≤ B and L > 2B its tail logarithm normalized at zero obeys∣∣∣∣∣log Rρ(u)

Rρ,L(u)

∣∣∣∣∣ ≤ B2Lβ−1

2(1 −B/(L+ 1))(1 − β) . (7.5)

Indeed, | log(1 + u/j) − u/j| ≤ B2/[2j2(1 − B/(L + 1))] on the tail, and rρ(j) ≤ jβ. The
integral bound

∑
j>L j

β−2 ≤ Lβ−1/(1 − β) proves (7.5). For ρ = 2 the tail is O(L−1/2), and
the normalization constant has the positive convergent expression

A2 =
∑
k≥1

ζ(2, k2 + 1).

This follows from r2(j) = #{k ≥ 1 : k2 < j} and Tonelli’s theorem. The quadratic exponential
in (7.4) retains the distinction between the two primary-factor normalizations.

8. Finite determinants and Gaussian normalizations

In the quadratic region, let Ln be the diagonal matrix on RNn with entry j at coordinate
(i, j). For real u > −1, the matrix Ln + uI is positive definite.
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Proposition 8.1 (Gamma evaluation and resolvent). For u > −1,

Dn(u) := det(Ln + uI) =
n2∏

j=1
(j + u)cn(j) =

n∏
i=1

Γ(i2 + 1 + u)
Γ(i+ u) , (8.1)

d
du logDn(u) =

n2∑
j=1

cn(j)
j + u

=
n∑

i=1
[ψ(i2 + 1 + u) − ψ(i+ u)]. (8.2)

Here ψ = Γ′/Γ.

Proof. Count the repeated diagonal entries by columns. The gamma recurrence evaluates
each row product as

∏i2
j=i(j + u) = Γ(i2 + 1 + u)/Γ(i+ u). Logarithmic differentiation proves

(8.2); the gamma formulas are classical [5, Sections 5.5 and 5.9]. □

Consequently the ordinary finite Gaussian integral is

Zn(u) =
∫
RNn

exp

−1
2

∑
(i,j)∈R2,n

(j + u)x2
i,j

 ∏
(i,j)

dxi,j = (2π)Nn/2Dn(u)−1/2. (8.3)

For the resulting normalized probability density,

Eu

∑
(i,j)

x2
i,j

 = Tr(Ln + uI)−1 = d
du logDn(u).

Thus the product gives the normalization, while its logarithmic derivative gives a quadratic
observable. At n = 3, N3 = 11 and D3(0) = 4 354 560. These are finite-dimensional identities.
Infinite determinant comparisons use the explicit subtractions of Theorem 7.1.

9. Computational verification

Run the supplied standard-library program with Python 3.10 or later:
python3 anc/verify_additional_applications.py
The record is anc/additional_applications_results.json. Exact checks cover counts,
partitions, coprimality, moments and rooks; numerical checks cover gamma formulas and
relative products. The proofs establish infinite conclusions.
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