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Abstract. Inverse floor and ceiling level counts provide a common measure for finite and
infinite sums and products. We extend their summation framework to clipped intervals, signed
weights and scalar products, with ordered convergence criteria that control incomplete blocks.
The principal applications concern spherical spectral cutoffs, determinants and Gaussian
integrals. The finite products have explicit gamma and Barnes evaluations; canonical
normalization gives modified Fredholm determinants whose logarithmic derivatives are
convergent resolvent traces and whose local coefficients are spectral zeta values. Floor–
ceiling cancellation reduces the genus of a relative product, while balanced shifts yield an
ordinary convergent comparison of four Gaussian systems. Explicit tail bounds control
both constructions. Rational scales produce periodic corrections and finite special-function
evaluations, including an odd azimuthal spherical sector. Occupation products connect the
same counts with colored partitions. The determinant and special-function theory used in
these evaluations is classical; the contribution is its explicit realization through rounded
counts, with compatible finite approximations and normalizations. Supporting examples
treat probability, analytic boundaries, Beatty allocation, integral comparisons, reciprocal-
Fibonacci moments and finite-sum compression. A power-bounded double-sum model yields
a theta trace, a fractional zeta pole and an explicit secondary term in a partition logarithm.

1. Introduction

A rounded index determines a counting measure on integer levels. Summing a weight over
the input indices becomes a sum over these levels, and multiplying a scalar factor uses the same
multiplicities as exponents. The inverse-level formulas and basic finite and infinite summation
transforms are developed in [1, 2]. The present paper continues that framework through
finite and infinite products and their direct spectral, partition and Gaussian applications.

The extensions beyond those summation formulas are specified as follows. Section 3
gives clipped and signed weighted identities and criteria for convergence at every input
cutoff, including incomplete blocks; the finite identities use elementary grouping by fibers.
Sections 4.3–4.5 connect these formulas with finite spherical determinants and quadratic
means. Section 9 derives their normalized infinite limits, the relative-product genus reduction
from fq − cq, and a balanced four-shift Gaussian comparison with explicit cutoff bounds.
Sections 7–8 give a finite residue-based evaluation method and identify a rational-scale
count with an actual spherical symmetry sector. These are explicit extensions and worked
constructions of the rounded-count method.

Section 15.2 extends the finite count method to power-bounded sets of integer pairs. A
quadratic cutoff gives an exact theta transform and a finite-cutoff bound. Its multiplicities
yield a fractional pole in a Dirichlet transform and a fractional-power correction to an
occupation-product logarithm.

The principal spectrum is the unit sphere. The ceiling count j2 − (j − 1)2 = 2j − 1 is the
multiplicity of the eigenvalue j of A =

√
−∆S2 + 1/4 + 1/2. Its geometric transform is a one-

particle trace, and C2 is its spectral zeta function. At a finite cutoff, the sum transformation
computes traces and Gaussian quadratic observables, while the product transformation
computes determinants and Gaussian normalizations. Unrestricted occupations of the same
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modes give colored-partition products. Thus the applications share one specified spectrum
and one counting measure.

Canonical normalization gives a modified Fredholm determinant with convergent resolvent
derivatives and zeta-valued Taylor coefficients. The Fq − Cq cancellation removes the leading
multiplicity and reduces the number of product subtractions. Balanced shifts cancel the
subtractions themselves and produce an ordinary convergent comparison of finite Gaussian
models. Gamma and Barnes formulas evaluate these limits, and tail bounds make their finite
approximations quantitative. For a = 1/2, b = 2, the ceiling count selects spherical harmonics
with odd azimuthal order; its periodic correction persists in the traces, occupation products
and determinant responses.

The spherical spectrum [3, 5], weighted-partition construction [4], canonical and modified
determinants [8, 9], and Barnes product formulas [5] are classical foundations. Earlier sphere-
determinant and Barnes-zeta work [15] already links zeta values and regularized products;
Section 9 makes the relation to our spectra explicit. Polynomial coefficient transforms,
quasipolynomial residue formulas and Fourier filters [6] are used as systematic evaluation
tools. The later probability and analytic examples illustrate the same count method; their
classical ingredients are identified locally [7, 11, 13, 14].

Transformation Direct object Role of the same count

Finite sum Cutoff traces, finite moments and
Gaussian quadratic means

Number of inputs at each level

Finite product Ordinary cutoff determinant and
Gaussian integral

Exponent of each level factor

Infinite sum Generating functions, zeta values and
resolvent traces

Convergent transform of the level
measure

Infinite product Occupation product, modified
determinant and balanced Gaussian
ratio

Exponent in a proved product limit

Table 1. The four transformations and representative applications.

Sections 10–15 develop probability laws, natural boundaries, Beatty allocation, integral
comparisons, reciprocal-Fibonacci moments and finite-sum compression. These applications
use the level counts and transforms introduced in Section 2. We write N = {1, 2, . . .} and
N0 = {0, 1, 2, . . .}. Regrouping uses nonnegativity, absolute convergence or the explicitly
proved ordering conditions. Complex powers of positive numbers use the real logarithm.

2. Exact level counts and their transforms

The inverse-level formulas [1, 2] are stated below with both input conventions and explicit
endpoint counts.

2.1. Counting both endpoint conventions. Let a, b > 0, put κ = 1/a, and set Tn = (bn)a.
Define

µf (j; a, b) = #{n ∈ N0 : ⌊Tn⌋ = j}, j ∈ N0, (2.1)
µc(j; a, b) = #{n ∈ N : ⌈Tn⌉ = j}, j ∈ N. (2.2)

The floor count includes n = 0, while the ceiling count does not.

Proposition 2.1 (Exact multiplicities). For a, b > 0,

µf (j; a, b) =
⌈(j + 1)κ

b

⌉
−
⌈
jκ

b

⌉
, j ≥ 0, (2.3)

µc(j; a, b) =
⌊
jκ

b

⌋
−
⌊(j − 1)κ

b

⌋
, j ≥ 1. (2.4)
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For any weight w, under nonnegativity or absolute convergence,∑
n≥0

w(⌊Tn⌋) =
∑
j≥0

µf (j; a, b)w(j), (2.5)

∑
n≥1

w(⌈Tn⌉) =
∑
j≥1

µc(j; a, b)w(j). (2.6)

Proof. The equality ⌊Tn⌋ = j is equivalent to jκ/b ≤ n < (j + 1)κ/b. The number of integers
in a half-open interval [u, v) is ⌈v⌉ − ⌈u⌉. Its lower endpoint is nonnegative here. Similarly,
⌈Tn⌉ = j is equivalent to (j − 1)κ/b < n ≤ jκ/b. The number of integers in (u, v] is ⌊v⌋ − ⌊u⌋;
at j = 1 the lower endpoint is zero, so all counted indices are positive. This proves the counts.
The fibers of either rounded map are disjoint and exhaustive. Summing over those fibers
proves the regroupings by Tonelli’s theorem or absolute convergence. □

Equations (2.3)–(2.4) are the repetition counts underlying Part I, Section 3, equations (9)
and (15), and the infinite regroupings of Part II, Section 3 [1, 2]. We have restated them
with full zero-level and endpoint conventions. In particular, if b < 1, the floor level zero can
contain several indices.

2.2. Geometric and Dirichlet transforms. Define, for |z| < 1,

H
(0)
f (z; a, b) =

∑
n≥0

z⌊(bn)a⌋ =
∑
j≥0

µf (j; a, b)zj , (2.7)

H
(+)
f (z; a, b) = H

(0)
f (z; a, b) − 1, (2.8)

Hc(z; a, b) =
∑
n≥1

z⌈(bn)a⌉ =
∑
j≥1

µc(j; a, b)zj . (2.9)

The positive-index floor series differs from the zero-index series by exactly the n = 0 term,
even when other indices occupy level zero. Convergence follows either from the original
stretched-exponential terms or from the counts, which grow at most polynomially.

Proposition 2.2 (Cumulative-count formulas). For |z| < 1,

Hc(z; a, b) = (1 − z)
∑
j≥1

⌊
jκ

b

⌋
zj , (2.10)

H
(0)
f (z; a, b) = 1 − z

z

∑
j≥1

⌈
jκ

b

⌉
zj . (2.11)

The second formula is interpreted by its removable value at z = 0.

Proof. Let Aj = ⌊jκ/b⌋ and Bj = ⌈jκ/b⌉, with A0 = B0 = 0. Equations (2.3)–(2.4) say
µc(j) = Aj − Aj−1 and µf (j) = Bj+1 − Bj . Subtract the corresponding power series.
Polynomial growth justifies each operation on |z| < 1. □

For the important integer-root case, take a = 1/q, b = 1 with q ∈ N, and write

fq(j) = (j + 1)q − jq, cq(j) = jq − (j − 1)q. (2.12)

The first is used for j ≥ 0, the second for j ≥ 1. The rounded geometric series are

H
(0)
f (z; 1/q, 1) = 1 − z

z
Li−q(z), Hc,q(z) := Hc(z; 1/q, 1) = (1 − z) Li−q(z). (2.13)

Here Lis(z) =
∑

j≥1 z
j/js for |z| < 1. These are the geometric specializations of Part II,

Corollaries 5–6, with the extra n = 0 floor term made explicit [2].
Define the corresponding positive-level Dirichlet series by

Fq(s) =
∑
j≥1

fq(j)j−s, Cq(s) =
∑
j≥1

cq(j)j−s, Re s > q. (2.14)
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The binomial theorem gives

Fq(s) =
q−1∑
k=0

(
q

k

)
ζ(s− k), (2.15)

Cq(s) =
q−1∑
k=0

(−1)q−k+1
(
q

k

)
ζ(s− k). (2.16)

These are the F/C-Shah–Riemann zeta formulas of Part II, Corollaries 3–4 [2]. Since their
weights are asymptotic to qjq−1, Re s > q is their half-plane of absolute convergence. The
finite zeta expressions continue them meromorphically, with simple poles at 1, . . . , q and
residues equal to the corresponding nonzero polynomial coefficients. This is continuation of
the function, not convergence of its original series outside that half-plane.
The geometric and Dirichlet series are two transforms of the same level measure. A change of
weight changes the quantity being computed without changing its multiplicities. The next
sections exploit that fact in specified models.

3. Finite and infinite sum and product identities

The repeated-level counts underlying finite and infinite rounded sums [1, 2] also determine
scalar products. We first state the clipped and weighted finite identities, then prove the
criteria for their ordered infinite limits.

3.1. Clipped finite identities. For 1 ≤ m ≤ N , let hf (n) = ⌊(bn)a⌋ and hc(n) = ⌈(bn)a⌉.
Set κ = 1/a, Aj = ⌈jκ/b⌉ and Bj = ⌊jκ/b⌋, with A0 = B0 = 0. Write [x]+ = max(x, 0).

Theorem 3.1 (Finite sums and finite products). The numbers of occurrences on the positive
input interval [m,N ] are

d
[m,N ]
f,j = [min(N + 1, Aj+1) − max(m,Aj)]+, j ≥ 0, (3.1)

d
[m,N ]
c,j = [min(N,Bj) − max(m− 1, Bj−1)]+, j ≥ 1. (3.2)

For either map hX , X = f, c, and arbitrary scalar uj , vj,

N∑
n=m

uhX(n) =
∑

j

d
[m,N ]
X,j uj , (3.3)

N∏
n=m

vhX(n) =
∏

j:d[m,N ]
X,j >0

v
d

[m,N ]
X,j

j . (3.4)

The product includes only occupied levels, so zero factors cause no 00 convention. The same
identities hold for any map on a finite index set, with its corresponding fiber sizes.

Proof. The floor fiber is [Aj , Aj+1) ∩ Z and the ceiling fiber is (Bj−1, Bj ] ∩ Z. Intersect each
with [m,N ] ∩ Z and count integers. This proves the two clipped formulas even for an empty
intersection or a skipped level. The fibers partition the finite input set. Add the constant
value uj on a fiber, or multiply its dj copies of the scalar vj , to obtain the identities. □

These formulas account for both partially cut end blocks. For example, on n = 7, . . . , 18,
⌊
√
n⌋ has counts 2, 7, 3 at levels 2, 3, 4. Thus its sum is 37, and its product is 223743 = 559872.

At b < 1 the positive-input floor level zero contains A1 − 1 indices, not A1; the latter includes
n = 0.
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Proposition 3.2 (Weights, restrictions and composition). Let S be finite, h : S → J any
map, and Wj =

∑
n∈S:h(n)=j ωn. Then∑

n∈S

ωnuh(n) =
∑

j

Wjuj . (3.5)

For integer weights and nonzero factors,∏
n∈S

vωn

h(n) =
∏

j:Wj ̸=0
v

Wj

j . (3.6)

For arbitrary complex weights the last identity instead means exponentiation of the weighted
sum of specified logarithms.

Proof. Sum the weights on each disjoint fiber. The additive identity follows by distributivity;
the multiplicative identity follows from the laws of integer powers of nonzero scalars. With
complex exponents, define each power by the chosen logarithm and use the additive identity.

□

For a clipped nonempty fiber [L,U) ∩ Z and the input prefix Φ(t) =
∑t

n=m ωn, its weight
is Φ(U − 1) − Φ(L − 1), with Φ(t) = 0 for t < m. Restricting inputs to n ≡ r (mod d)
replaces its count by ⌈(U − r)/d⌉ − ⌈(L− r)/d⌉. Empty fibers contribute zero. If a further
map g groups the output labels, its weights are

∑
j:g(j)=ℓWj . Thus finite nested rounded

transformations can be performed successively without discarding their counts.

3.2. Ordered infinite sums and products. A finite identity alone does not justify an
infinite limit. For a nondecreasing unbounded map h : N → N0, every nonempty fiber is a
finite consecutive block. Let dj be its size. All level sums below use increasing occupied j.

Theorem 3.3 (The infinite sum and product identities). The ordered series
∑

n≥1 uh(n)
converges if and only if the ordered level series

∑
j djuj converges. In that case,∑

n≥1
uh(n) =

∑
j

djuj . (3.7)

Absolute convergence is equivalent to
∑

j dj |uj | < ∞.
If all occupied factors vj are nonzero, the ordered product has a finite nonzero limit if and

only if
∑

j dj Log vj converges, taking logarithms near one eventually. Its value is

∏
n≥1

vh(n) = exp

∑
j

dj Log vj

 . (3.8)

Finitely many initial logarithm choices change the exponent by a multiple of 2πi and do not
change the value. The sufficient absolute condition is

∑
j dj |vj − 1| < ∞.

Proof. Complete-block sum endpoints are a subsequence of the original partial sums. Con-
versely, convergence of

∑
j djuj implies djuj → 0 on occupied levels. A partial sum within

that block differs from the preceding endpoint by tuj , 0 ≤ t ≤ dj , of modulus at most
|djuj | → 0. This proves equality of all ordered limits. Nonnegative grouping proves the
absolute statement.

If the logarithm series converges, then dj Log vj → 0 and the remaining logarithm inside a
block has modulus at most |dj Log vj |. All partial products therefore tend to the exponential
of the same sum. Conversely, suppose partial products Pn → P ̸= 0. Eventually they lie in
a disk about P excluding zero, with an analytic logarithm ℓ. The factors Pn/Pn−1 tend to
one and, eventually, Log vh(n) = ℓ(Pn) − ℓ(Pn−1). These logarithms telescope to a convergent
series. Apply the sum statement to its identical block terms. Finally | Log vj | ≍ |vj − 1| near
one, proving the absolute criterion. □
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For hc its dj are µc(j; a, b). For the positive-input floor map, d0 = ⌈1/b⌉ − 1 and dj =
µf (j; a, b) for j ≥ 1. This distinction retains the earlier zero-level convention.

For example, h(n) = ⌈
√
n⌉ and uj = (−1)j+1/(j(2j − 1)) give the conditionally convergent

identities ∑
n≥1

(−1)h(n)+1

h(n)(2h(n) − 1) = log 2,
∏
n≥1

exp
[

(−1)h(n)+1

h(n)(2h(n) − 1)

]
= 2. (3.9)

The grouped logarithm is the classical alternating harmonic series. The examples illustrate
the ordering theorem; the substantial product applications below are determinants and
occupation models.

3.3. Incomplete blocks and convergence. For products, observing complete-block end-
points is insufficient. Take h(n) = ⌈

√
n⌉, dj = 2j − 1 and vj = e2πi/(2j−1). Every full block

product is one, and vj → 1, but the product after j − 1 entries of a late block tends to −1.
The original partial products have no limit.

More generally, if the fiber with label j starts at input aj and has size dj , define

Uj(t) =
aj+t−1∑
n=aj

ωn, Mj = max
0≤t≤dj

|Uj(t)|.

Here t is an integer and Uj(0) = 0. An ordered weighted sum converges precisely when its
endpoint series converges and |uj |Mj → 0. For integer weights and nonzero factors, a nonzero
weighted product limit requires and is implied by convergence of its endpoint products to
P ≠ 0 and maxt |vUj(t)

j − 1| → 0. Indeed, an intermediate sum is the preceding endpoint plus
ujUj(t); an intermediate product is that endpoint times vUj(t)

j . These two expressions prove
both criteria.
The four identities use the same fibers for additive and multiplicative transformations. Their
infinite versions retain the input order and explicitly control incomplete blocks. The next
sections specify what their weights and factors compute: one-particle traces, finite spectral
determinants, Gaussian integrals and many-particle occupation products.

4. Spectral geometry on the sphere

The spherical harmonic spectrum [3, 5] supplies the rounded multiplicities. Sphere determi-
nants and Barnes-zeta methods have an established literature [15]; the operators A and B
below are first-order spectral functions of the Laplacian.

4.1. The full spherical spectrum. On the unit sphere S2, the nonnegative Laplace operator
L = −∆S2 has eigenvalues ℓ(ℓ+ 1) of multiplicity 2ℓ+ 1, ℓ ∈ N0. The eigenspaces are the
spherical harmonics of degree ℓ [3, 5].

Theorem 4.1 (Rounded enumeration of spherical modes). The spectrum of L, counted with
multiplicity and indexed from n = 0, is

λn =
⌊√
n
⌋ (⌊√

n
⌋

+ 1
)
. (4.1)

For a nonnegative spectral weight g, or a complex weight with
∑

n≥0 |g(λn)| < ∞,

Tr g(L) =
∑
n≥0

g(λn) =
∑
ℓ≥0

(2ℓ+ 1)g(ℓ(ℓ+ 1)). (4.2)

For nonnegative g, this equality may be interpreted with infinite sums.

Proof. The integers with ⌊
√
n⌋ = ℓ are exactly ℓ2, ℓ2 + 1, . . . , (ℓ + 1)2 − 1. There are

(ℓ+ 1)2 − ℓ2 = 2ℓ+ 1 such indices. Thus each prescribed eigenvalue has exactly its spherical
multiplicity. Apply Proposition 2.1 to the weight w(ℓ) = g(ℓ(ℓ+ 1)). □
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For example, for τ > 0 the heat trace is

K(τ) = Tr e−τL =
∑
n≥0

e−τ⌊√
n⌋(⌊√

n⌋+1). (4.3)

The regrouped form converges because its summands are bounded by a polynomial times a
Gaussian in ℓ. For ν > 0, the massive spectral zeta function

Zν(s) =
∑
n≥0

(λn + ν2)−s =
∑
ℓ≥0

(2ℓ+ 1)(ℓ(ℓ+ 1) + ν2)−s (4.4)

converges absolutely for Re s > 1. This follows by comparing its large-ℓ terms with ℓ1−2 Re s.
For a sphere of radius R, replace L by R−2L in these formulas.

Corollary 4.2 (Exact spectral count). For Λ ≥ 0, the number of eigenvalues of L at most
Λ, counting the zero mode and multiplicities, is

NL(Λ) = (L+ 1)2, L =
⌊√

1 + 4Λ − 1
2

⌋
. (4.5)

Proof. The admissible degrees are 0, . . . , L. Their multiplicities sum to
∑L

ℓ=0(2ℓ + 1) =
(L+ 1)2. □

4.2. Rounded functions as traces of spectral square roots. Functional calculus for L
defines

A =
√

L + 1
4 + 1

2 , B =
√

L + 1
4 − 1

2 . (4.6)
On degree-ℓ harmonics, A has eigenvalue ℓ+ 1 and B has eigenvalue ℓ.

Proposition 4.3 (Geometric and zeta traces). For τ > 0,

Tr e−τA = Hc,2(e−τ ) = e−τ (1 + e−τ )
(1 − e−τ )2 , (4.7)

Tr e−τB = H
(0)
f (e−τ ; 1/2, 1) = 1 + e−τ

(1 − e−τ )2 . (4.8)

For Re s > 2,
ζA(s) = 2ζ(s− 1) − ζ(s), ζ∗

B(s) = 2ζ(s− 1) + ζ(s), (4.9)
where the star omits the zero eigenvalue of B.

Proof. After setting j = ℓ+1, the eigenvalue j of A has multiplicity 2j−1 = c2(j). The positive
eigenvalue j of B has multiplicity 2j + 1 = f2(j), and its zero eigenvalue has multiplicity
one. This proves the trace and Dirichlet-series identifications. Sum

∑
j≥1 z

j = z/(1 − z) and∑
j≥1 jz

j = z/(1 − z)2 to obtain the rational expressions. The zeta formulas follow from
(2.15)–(2.16). □

As a further consequence, the spectral determinant of ϵA, ϵ > 0, can be defined by the
regular continuation at zero:

detζ(ϵA) := exp
[
− d

ds
(
ϵ−sC2(s)

)∣∣∣∣
s=0

]
. (4.10)

Using ζ(0) = −1/2, ζ(−1) = −1/12 and ζ ′(0) = −1
2 log(2π) [5], C2(0) = 1/3, so

detζ(ϵA) = ϵ1/3 exp[−2ζ ′(−1)]√
2π

. (4.11)

This quantity is a zeta-regularized determinant, rather than an ordinarily convergent product
of eigenvalues.
The square-root floor count encodes the actual multiplicities of a familiar geometry. The
geometric series itself is the trace of a first-order spectral function, while the Laplace heat
trace uses the different weight ℓ 7→ e−τℓ(ℓ+1). It is essential to distinguish these two operators.
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For the round sphere all formulas are exact. For a different metric, the multiplicities and
eigenvalues need a separate analysis; the rounded enumeration above should not be assumed
to persist.

4.3. Finite sums: spectral cutoffs and quadratic observables. Let HM contain all
spherical harmonics with ℓ = 0, . . . ,M − 1. Its dimension is M2. The restriction AM = A|HM

has eigenvalue j with multiplicity 2j − 1, 1 ≤ j ≤ M . The square-root ceiling count therefore
gives, for any g,

Tr g(AM ) =
M2∑
n=1

g(
⌈√
n
⌉
) =

M∑
j=1

(2j − 1)g(j). (4.12)

This is exactly the finite sum transformation (3.3), now acting on an actual spectral cutoff.
For t > 0, put r = e−t. The finite one-particle trace is KM (t) =

∑M
j=1(2j − 1)rj . Its

difference from the infinite trace is the exact positive tail

Tr e−tA −KM (t) = rM+1
[2M + 1

1 − r
+ 2r

(1 − r)2

]
. (4.13)

To derive it, write j = M + 1 + k and sum the geometric series and its first derivative. Thus
the finite formula is also a way to compute the infinite trace with an explicit cutoff error.

For real z > −1, the cutoff resolvent trace is

RM (z) = Tr(AM + zI)−1 =
M∑

j=1

2j − 1
j + z

= 2M − (2z + 1)
[
ψ(M + 1 + z) − ψ(1 + z)

]
, (4.14)

where ψ = Γ′/Γ. Indeed, (2j−1)/(j+z) = 2− (2z+1)/(j+z), and the logarithmic derivative
of Γ(x + 1) = xΓ(x) gives the digamma difference. All sums here are finite; there is no
analytic regularization.

4.4. Finite products: determinants and a Barnes formula. Define the ordinary
determinant

DM (z) = det(AM + zI) =
M2∏
n=1

(
⌈√
n
⌉

+ z) =
M∏

j=1
(j + z)2j−1. (4.15)

The last equality is the finite product transformation (3.4). It identifies the product with a
finite matrix determinant, including each eigenvalue’s correct multiplicity.

Proposition 4.4 (Exact finite determinant). For Re z > −1,

DM (z) = Γ(M + 1 + z)2M−1Γ(1 + z)G(1 + z)2

G(M + 1 + z)2 , (4.16)

where G is Barnes’ function. The finite product on the left continues the expression across
its removable singularities.

Proof. Use the classical recurrences G(x+ 1) = Γ(x)G(x) and Γ(x+ 1) = xΓ(x) [5, Section
5.17]. Telescoping the gamma recurrence gives

∏M
j=1(j + z) = Γ(M + 1 + z)/Γ(1 + z). A

second telescoping calculation gives
M∏

j=1
(j + z)j = Γ(M + 1 + z)MG(1 + z)

G(M + 1 + z) .

Square this expression and divide by the first product, because (j+z)2j−1 = ((j+z)j)2/(j+z).
The result is (4.16). □
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For comparison, the positive part of B with degrees 1, . . . ,M has multiplicities 2j + 1 and
determinant

M∏
j=1

(j + z)2j+1 = Γ(M + 1 + z)2M+1G(1 + z)2

Γ(1 + z)G(M + 1 + z)2 . (4.17)

Multiply, rather than divide, the same first product to prove this. For a general input interval,
the clipped counts in (3.1)–(3.2) retain the two partial endpoint blocks. The complete-cutoff
determinant admits the gamma and Barnes evaluation above; clipped counts handle partially
occupied levels.

4.5. Finite Gaussian integrals and quadratic means. Choose real coordinates xj,r on
HM , 1 ≤ r ≤ 2j − 1, and let z > −1. The finite Gaussian integral is

ZM (z) =
∫
RM2

exp

−1
2

M∑
j=1

2j−1∑
r=1

(j + z)x2
j,r

 dx. (4.18)

Each coordinate integral is (2π/(j + z))1/2. Hence

ZM (z) = (2π)M2/2DM (z)−1/2,
ZM (z)
ZM (0) =

M∏
j=1

(
j

j + z

)(2j−1)/2
. (4.19)

With the probability density normalized by this integral, each coordinate has variance (j+z)−1.
Therefore

Ez

∑
j,r

x2
j,r

 = RM (z) = −2 d
dz

log ZM (z). (4.20)

The derivative can also be obtained by differentiating the finite determinant. Thus the finite
product gives the normalization of a specified Gaussian system, and the finite sum gives its
mean quadratic observable. These are two uses of the same rounded measure.
This is an exact finite model, useful for spectral cutoffs and normalization calculations. It
replaces M2 scalar mode factors by M level factors. The infinite determinant limit requires
the additional convergence analysis in Section 9; it does not follow by replacing M with
infinity in (4.15).

5. Partitions and ideal occupation models

Euler products, logarithmic recurrences and the power/Dirichlet transform pair for colored
partitions are developed in [4]. We apply these constructions to rounded level counts and to
the spherical spectrum.

5.1. A colored-partition model from ceiling counts. Fix q ∈ N and let cq(j) =
jq − (j − 1)q. One interpretation of this integer is the number of tuples (m1, . . . ,mq) ∈ Nq

with maximi = j: there are jq tuples with maximum at most j and (j − 1)q with maximum
at most j − 1.

A part of size j will have cq(j) colors, each of which can occur any number of times. Let
pq(N) count such partitions of N , including the empty partition at N = 0. The standard
weighted-partition construction [4] gives

Pq(z) :=
∑
N≥0

pq(N)zN =
∏
j≥1

(1 − zj)−cq(j), |z| < 1. (5.1)

The product defines a nonzero analytic function on the disk. Indeed, the logarithmic factors
are bounded on each compact subdisk by a constant times cq(j)|z|j , which is summable.
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Theorem 5.1 (Logarithm and coefficient recurrence). With the logarithm normalized by
logPq(0) = 0,

logPq(z) =
∑
r≥1

Hc,q(zr)
r

. (5.2)

If bq(k) =
∑

d|k d cq(d), then

Npq(N) =
N∑

k=1
bq(k)pq(N − k), pq(0) = 1. (5.3)

Proof. Expand each logarithmic factor using − log(1 − zj) =
∑

r≥1 z
jr/r. For |z| < 1 the

double series is absolutely convergent, since
∑

j cq(j)|z|j/(1 − |z|j) < ∞. Its regrouping by r
is (5.2). Next,

z
P ′

q(z)
Pq(z) =

∑
j≥1

j cq(j)zj

1 − zj
=
∑
k≥1

bq(k)zk.

Multiply by Pq(z) and compare coefficients. □

Example 5.2 (The square-root case). Let P(z) =
∏

j≥1(1 − zj)−1 be the ordinary-partition
function and M(z) =

∏
j≥1(1 − zj)−j be MacMahon’s plane-partition generating function [4].

Since c2(j) = 2j − 1,

P2(z) = M(z)2

P(z) . (5.4)

Its coefficients through degree ten are
1, 1, 4, 9, 22, 46, 103, 208, 431, 849, 1671.

For example, at size two there is one partition 1 + 1 and three colors of the part 2, giving
p2(2) = 4. With positive floor weights f2(j) = 2j + 1, the product instead equals M(z)2P(z).
5.2. Finite occupation products and their infinite limit. For q,M ∈ N, restrict the
one-particle states to rounded inputs n = 1, . . . ,M q. For 0 ≤ y ≤ 1 and 0 < z < 1, the finite
product continuation gives

Ξq,M (y, z) =
Mq∏
n=1

1
1 − yz⌈n1/q⌉ =

M∏
j=1

(1 − yzj)−cq(j). (5.5)

Its finite logarithm is
∑

r≥1 y
rHc,q,M (zr)/r, where Hc,q,M (z) =

∑M
j=1 cq(j)zj . Expand each of

the finitely many logarithms to prove this. For the infinite product, its scalar factors satisfy∑
j≥1

cq(j)
∣∣∣(1 − yzj)−1 − 1

∣∣∣ ≤ y

1 − yz

∑
j≥1

cq(j)zj < ∞.

Theorem 3.3 therefore proves a nonzero product limit. Its logarithm is the series in (5.6).
At y = 1, this is Pq(z); at q = 2 it is the unrestricted occupation model of the spherical A
modes. The finite formula and the convergence theorem thus supply the finite and infinite
product forms of the existing partition application.

5.3. Bosons, fermions and the one-particle trace. Consider independent modes of
energy jϵ, ϵ > 0, with cq(j) modes at that level, inverse temperature β > 0, and fugacity
0 ≤ y ≤ 1. Put z = e−βϵ. The bosonic grand partition function is

Ξq(y, z) =
∏
j≥1

(1 − yzj)−cq(j), log Ξq(y, z) =
∑
r≥1

yrHc,q(zr)
r

. (5.6)

Each factor is the geometric sum over the occupation of one mode. With fermionic occupations
zero or one, the analogous formula is

ΞF
q (y, z) =

∏
j≥1

(1 + yzj)cq(j), log ΞF
q (y, z) =

∑
r≥1

(−1)r+1yrHc,q(zr)
r

. (5.7)
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Absolute convergence follows as in the proof of Theorem 5.1. Termwise differentiation on
compact parameter intervals gives the mean bosonic particle number and energy:

E[N] =
∑
j≥1

cq(j) yzj

1 − yzj
, (5.8)

E[E] = ϵ
∑
j≥1

j cq(j) yzj

1 − yzj
. (5.9)

For q = 2, the one-particle Hamiltonian can be chosen as ϵA from (4.6), so these multiplicities
have the concrete spherical realization already established.

5.4. Zeta transforms in a Mellin formula.

Theorem 5.3 (Mellin representation and leading growth). For t > 0 and any c > q,

logPq(e−t) = 1
2πi

∫ c+i∞

c−i∞
Γ(s)ζ(s+ 1)Cq(s)t−s ds. (5.10)

Furthermore,

logPq(e−t) ∼ q! ζ(q + 1)t−q as t ↓ 0. (5.11)

Proof. Mellin inversion of the exponential gives e−x = (2πi)−1 ∫
Re s=c Γ(s)x−s ds for x >

0, c > 0 [5, Sections 2.5 and 5.11]. Insert this in logPq(e−t) =
∑

j,r≥1 cq(j)e−tjr/r. On the
line Re s = c > q, the sum of absolute values is bounded by

t−c

∑
j≥1

cq(j)j−c

∑
r≥1

r−c−1

∫ ∞

−∞
|Γ(c+ iu)| du.

This is finite: the first two sums converge and the gamma factor has exponential decay along
the vertical line. Fubini’s theorem proves (5.10).

For the asymptotic assertion, a direct positive argument avoids contour shifts. The
polynomial cq(j) has degree q − 1 and leading coefficient q. Riemann sums give

lim
t↓0

tqHc,q(e−t) = q

∫ ∞

0
xq−1e−x dx = q!.

For each lower-degree term its correspondingly scaled sum tends to zero. The function
u 7→ uqHc,q(e−u) is bounded on u > 0: it has a finite limit at zero, is continuous in between,
and tends to zero at infinity. Thus, for some Kq,

tqHc,q(e−rt)
r

≤ Kqr
−q−1.

Use (5.2) and dominated convergence to obtain q!
∑

r≥1 r
−q−1. □

Hc,q is the one-particle level generating function; Cq is the Dirichlet transform of the same
weights and enters the Mellin integral. For q = 2 the leading logarithmic growth is 2ζ(3)t−2.
The asymptotics of the individual coefficients pq(N) require additional coefficient-extraction
analysis. In particular, the single-positive-pole form of Meinardus’ theorem should not be
invoked without modification for a Dirichlet series with several positive poles. Also, for q ≥ 3,
the product (5.1) counts the specified colored partitions; it is not automatically a formula for
solid partitions.
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6. A finite evaluation method for coefficient repetition

The square-root Maclaurin identity of [2, Section 11.5] extends to integer roots through the
Euler differential operator.

Let f(x) =
∑

j≥0 ajx
j have radius of convergence R > 0, and put D = x d/dx. For q ∈ N,

define the two repeated-coefficient transforms

(Tf,qf)(x) =
∑
n≥0

a⌊n1/q⌋x
⌊n1/q⌋, (6.1)

(Tc,qf)(x) =
∑
n≥1

a⌈n1/q⌉x
⌈n1/q⌉. (6.2)

Theorem 6.1 (Finite differential representation). For |x| < R,
Tf,qf =

(
(D + 1)q − Dq)f, (6.3)

Tc,qf =
(
Dq − (D − 1)q)(f − a0). (6.4)

Both operators have order q−1. Their transformed series have the same radius of convergence
as f when f has infinitely many nonzero coefficients. Wherever f has a meromorphic
continuation, these formulas give meromorphic continuations of its transforms, with no new
singular locations.

Proof. The coefficient at xj in the first transform is fq(j)aj , while in the second it is cq(j)aj

for j ≥ 1. The operator D acts on xj by multiplication by j, giving the two polynomials in
(6.3)–(6.4). Their leading degree-q terms cancel, leaving degree q − 1, with leading coefficient
q.

For |x| < R, choose r with |x| < r < R. Absolute convergence at r, together with the
polynomial growth of fq(j) and cq(j), justifies the regrouping and all termwise derivatives.
Finally, fq(j)1/j → 1 and cq(j)1/j → 1. Cauchy–Hadamard therefore gives the same radius.
Subtracting the constant does not affect it. Finite differentiation and multiplication by
polynomials preserve meromorphic continuation and analyticity at every originally analytic
point. □

The first cases are
Tf,2f = f + 2xf ′, Tc,2f = 2xf ′ − (f − a0), (6.5)
Tf,3f = f + 6xf ′ + 3x2f ′′, Tc,3f = 3x2f ′′ + (f − a0). (6.6)

The square-root floor case is the Maclaurin-series identity given in Part II, Section 11.5 [2].
The operator form gives its systematic integer-root extension.

Example 6.2 (Elementary closed forms). Taking f(x) = ex in (6.6) gives∑
n≥0

x⌊n1/3⌋⌊
n1/3⌋! = (3x2 + 6x+ 1)ex. (6.7)

For f(x) = sin x the square-root transform is sin x + 2x cosx. These are identities of
entire functions. Taking f(x) = (1 − x)−1 and q = 2 gives Tf,2f = (1 + x)/(1 − x)2 and
Tc,2f = x(1 + x)/(1 − x)2. Thus the same derivative rule evaluates the spherical one-particle
traces in (4.7)–(4.8); it is not a separate application family in the present narrative.

Corollary 6.3 (Polylogarithm transforms). For |x| < 1 and s ∈ C,

Tf,q Lis(x) =
q−1∑
k=0

(
q

k

)
Lis−k(x), (6.8)

Tc,q Lis(x) =
q−1∑
k=0

(−1)q−k+1
(
q

k

)
Lis−k(x). (6.9)
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At x = 1 these become Fq(s) and Cq(s) when Re s > q.

Proof. The defining coefficients of Lis are a0 = 0 and aj = j−s for j ≥ 1 [5, Section 25.12].
Multiply them by the two binomial polynomials. At x = 1 absolute convergence holds exactly
in the specified half-plane. □

This is a calculus for coefficient repetition. It replaces an infinite-looking rounded-index
construction by finitely many derivatives of the original analytic function. The order is q − 1,
so its evaluation cost depends on the chosen root order and on access to derivatives of f .
The representation does not imply that singularities must remain: cancellation can remove a
singularity, although it cannot create one at an originally analytic point.

7. Rational scales and finite special-function formulas

At integer roots, rational scales give quasipolynomial multiplicities. Residue decomposition
and finite Fourier analysis [6] then yield explicit formulas for their transforms.

The repetition patterns investigated in Part II, Section 10 [2], can be treated systematically
by residue classes. We give the argument at every positive rational scale. Let a = 1/q with
q ∈ N, and write b = u/v with u, v ∈ N relatively prime.

Theorem 7.1 (Periodic corrections). Let rj be the least nonnegative residue of vjq modulo
u, and let dj be the least nonnegative residue of −vjq modulo u. Then both sequences are
u-periodic (the period need not be minimal), and

µc(j; 1/q, u/v) = v cq(j) − rj + rj−1
u

, j ≥ 1, (7.1)

µf (j; 1/q, u/v) = v fq(j) + dj+1 − dj

u
, j ≥ 0. (7.2)

Consequently the multiplicities are quasipolynomials: on each residue class modulo u, they
are polynomials of degree at most q − 1, allowing the zero polynomial.

Proof. By Euclidean division, ⌊vjq/u⌋ = (vjq − rj)/u and ⌈vjq/u⌉ = (vjq +dj)/u. Substitute
these into (2.4) and (2.3). The congruence (j + u)q ≡ jq (mod u) proves periodicity. A
periodic correction is constant on each residue class, proving the final assertion. For q ≥ 2
the leading coefficient is vq/u > 0, but for q = 1 a constituent can vanish: at b = 2,
µc(j; 1, 2) is zero for odd j and one for even j. This is why the degree statement allows zero
constituents. □

Set
Rq,u,v(z) =

u∑
ℓ=1

rℓz
ℓ, Dq,u,v(z) =

u∑
ℓ=1

dℓz
ℓ. (7.3)

The endpoint residues ru, du are both zero.

Corollary 7.2 (Rational geometric functions). For |z| < 1,

Hc(z; 1/q, u/v) = 1 − z

u

[
v Li−q(z) − Rq,u,v(z)

1 − zu

]
, (7.4)

H
(0)
f (z; 1/q, u/v) = 1 − z

uz

[
v Li−q(z) + Dq,u,v(z)

1 − zu

]
. (7.5)

Both are rational functions. Their possible poles are u-th roots of unity, and a common
denominator divides (1 − zu)q.

Proof. Use Proposition 2.2 and
∑

j≥1 rjz
j = Rq,u,v(z)/(1 − zu), with the analogous formula

for dj . The function Li−q(z) = Dq(z/(1 − z)) is rational with denominator dividing (1 − z)q+1.
The prefactor 1 − z leaves at most order q there. The periodic part has denominator 1 − zu.
These denominators both divide (1 − zu)q. In the floor expression the numerator is divisible
by z, so the apparent pole at zero is removable. □



14 DHAIRYA SHAH

Example 7.3 (A scaled square-root series). For q = u = 2, v = 1, rj = dj is the parity of j,
and

µc(j; 1/2, 2) = 2 ⌊j/2⌋ , Hc(z; 1/2, 2) = 2z2

(1 − z)(1 − z2) . (7.6)

The floor multiplicity at positive j is 2 ⌊j/2⌋ + 1. Thus their positive-level Dirichlet series
differ by ζ(s) in this particular case. No such identity is assumed for other root orders.

Corollary 7.4 (Finite Hurwitz-zeta formulas). For Re s > q, let Cq,u/v(s) and Fq,u/v(s) be
the Dirichlet transforms of the multiplicities at positive levels. Then

Cq,u/v(s) = v

u
Cq(s) − u−s−1

u∑
ℓ=1

(rℓ − rℓ−1)ζ(s, ℓ/u), (7.7)

Fq,u/v(s) = v

u
Fq(s) + u−s−1

u∑
ℓ=1

(dℓ+1 − dℓ)ζ(s, ℓ/u), (7.8)

where the d indices are extended periodically. These expressions give meromorphic continuation
to C.

Proof. For any period-u sequence ηj ,∑
j≥1

ηjj
−s = u−s

u∑
r=1

ηrζ(s, r/u), Re s > 1.

Partition the positive integers into residue classes and use the defining Hurwitz series.
Substitute the periodic terms in Theorem 7.1. Continuation follows from that of the Hurwitz
and Riemann zeta functions [5, Section 25.11]. □

The periodic differences in either sum have total zero. Their potential residue at s = 1
therefore cancels. The pole at s = 1 that may remain in the full formula comes from the
polynomial part, not from a nonzero mean of the periodic correction.
This gives a finite algorithm for the original scaled functions: compute one residue period and
combine a rational polylogarithm with a periodic rational function. For the zeta transform,
the same period produces finitely many Hurwitz values. The proof covers rational b < 1 as
well as integer scales, and automatically retains the correct floor level zero. The possible pole
locations in the geometric function need not all be actual poles, because some residues can
cancel.

7.1. Scaled coefficient transforms from finitely many rotations. The finite data used
above also evaluate scaled repeated-coefficient transforms of a given analytic function. Let
f(x) =

∑
j≥0 ajx

j have radius R > 0 and set g = f − a0. Define Tf,q,b and Tc,q,b as in
(6.1)–(6.2), replacing n1/q by (bn)1/q. Put ω = e2πi/u and

(Πkf)(x) = 1
u

u−1∑
h=0

ω−khf(ωhx), k = 0, . . . , u− 1. (7.9)

This is the usual roots-of-unity coefficient filter.

Corollary 7.5 (Derivatives and rotations). For |x| < R and b = u/v in lowest terms,

Tf,q,bf = v

u

(
(D + 1)q − Dq)f + 1

u

u−1∑
k=0

(dk+1 − dk)Πkf, (7.10)

Tc,q,bf = v

u

(
Dq − (D − 1)q)g + 1

u

u−1∑
k=0

(rk−1 − rk)Πkg, (7.11)

where the residue arrays are extended periodically.
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Proof. For a monomial xj , the multiplier of (7.9) is u−1∑
h ω

h(j−k), equal to one if j ≡ k
(mod u) and zero otherwise. The coefficient multipliers on the right are therefore exactly
(7.2) and (7.1). Absolute convergence and the finite sums justify the identities. □

For example, q = 1, b = 2 selects the positive even coefficients:

Tc,1,2f(x) = f(x) + f(−x)
2 − a0. (7.12)

These formulas are useful when f and its derivatives are accessible: the scaled transform
needs derivatives of order at most q − 1 and u rotated evaluations. The period u need not be
the smallest available period, and the formulas do not assert an optimal runtime.

8. A scaled spherical sector and its partition product

We now use the rational-scale correction in a concrete model. For q = 2, b = 2, put
w−(j) = µc(j; 1/2, 2) = 2 ⌊j/2⌋.

Proposition 8.1 (Odd azimuthal modes). Let U be pullback by a rotation through π about
the polar axis on S2, and let H− ⊂ L2(S2) be its −1 eigenspace. The operator A in (4.6)
preserves this subspace, and its eigenvalue j has multiplicity w−(j). Hence, for t > 0,

TrH− e
−tA = Hc(e−t; 1/2, 2) = 2e−2t

(1 − e−t)(1 − e−2t) , (8.1)

ζA,−(s) = ζ(s− 1) − (1 − 2−s)ζ(s), Re s > 2. (8.2)

Proof. The usual spherical harmonics contain the factor eimφ [5, Section 14.30]. Thus
UY m

ℓ = (−1)mY m
ℓ , and the subspace selects odd m from −ℓ, . . . , ℓ. For ℓ = 2k their number

is 2k; for ℓ = 2k − 1 it is also 2k. After setting j = ℓ + 1, both cases give 2 ⌊j/2⌋. The
rotation commutes with L and its spectral function A, so the restriction is well defined. The
geometric trace follows from (7.6). Finally,

w−(j) = j − 1
2 + 1

2(−1)j ,
∑
j≥1

(−1)jj−s = (21−s − 1)ζ(s)

under absolute convergence. Substitution proves (8.2). □

Allowing arbitrary bosonic occupation of these modes gives

P−(z) =
∏
j≥1

(1 − zj)−2⌊j/2⌋ = M(z)P(z2)
P(z) . (8.3)

Indeed, 2 ⌊j/2⌋ = j for even j and j − 1 for odd j. Divide MacMahon’s product by one
ordinary-partition factor at each odd level;

∏
j≥1

j odd
(1 − zj) = P(z2)/P(z). This proves the

equality as convergent analytic products or as formal power series. Although the displayed
ratio by itself has signed coefficients, the original Euler product has nonnegative coefficients
and defines the specified colored partitions. There is no mode at level one, so its coefficient
of z is zero.

The standard product logarithm and Mellin formula now become

logP−(z) =
∑
r≥1

Hc(zr; 1/2, 2)
r

, (8.4)

logP−(e−t) = 1
2πi

∫ c+i∞

c−i∞
Γ(s)ζ(s+ 1)ζA,−(s)t−s ds, c > 2. (8.5)

The proofs are precisely the absolute-convergence arguments used in Theorems 5.1 and 5.3,
with w− in place of cq. Thus the scaled generating function and its Hurwitz representation
are connected to the same concrete spectral sector and occupation model. The half-turn is
a classical symmetry projection; the identification with these rounded counts is the worked
connection.
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8.1. Uniform bounds for scaled partition products. For any q ∈ N and real b > 0,
define

Pq,b(z) =
∏
j≥1

(1 − zj)−µc(j;1/q,b). (8.6)

Zero multiplicities are allowed. The counts have polynomial growth, so the convergence and
coefficient recurrence of Section 5 apply to this product as well.

Proposition 8.2 (Uniform scaling bound). For 0 < z < 1 and t > 0,

0 ≤ b−1Hc,q(z) −Hc(z; 1/q, b) ≤ z, (8.7)
0 ≤ b−1 logPq(e−t) − logPq,b(e−t) ≤ − log(1 − e−t). (8.8)

In particular,

logPq,b(e−t) ∼ q!ζ(q + 1)
b

t−q (t ↓ 0). (8.9)

Proof. Let Ej = jq/b− ⌊jq/b⌋, so 0 ≤ Ej < 1. The cumulative formulas give

b−1Hc,q(z) −Hc(z; 1/q, b) = (1 − z)
∑
j≥1

Ejz
j .

This lies between zero and (1 − z)
∑

j≥1 z
j = z. Apply this bound to z = e−rt and sum with

weight 1/r; absolute convergence gives (8.8) because
∑

r≥1 e
−rt/r = − log(1 − e−t). This

upper bound is O(log(1/t)) at zero and hence o(t−q). Theorem 5.3 proves (8.9). □

For the odd spherical sector this gives logP−(e−t) ∼ ζ(3)t−2, half the leading logarithm for
the full A spectrum. The exact residue correction still controls lower-order behavior and the
low-energy spectrum. At b = 2, z = 1/2, the comparison (8.7) reads 0 ≤ 3/2−4/3 = 1/6 ≤ 1/2.
The integral version and decreasing-weight extension are proved in Section 13. No asymptotic
formula for individual partition coefficients is asserted here.

9. Infinite products, resolvent sums and relative determinants

Canonical products and modified Fredholm determinants [8, 9] provide the classical normal-
ization used here. Dowker and Kirsten [15, Sections 4, 6–7] relate zeta-value expansions,
Barnes functions and subtracted spectral products. We apply these tools to the rounded
spectra, derive their finite-cutoff bounds, and develop the relative and balanced products.
Canonical and zeta regularization retain their respective normalizations.

9.1. Critical exponent and canonical normalization. Use only positive rounded levels.
Write df,j = µf (j; a, b) and dc,j = µc(j; a, b) for j ≥ 1; any floor-zero indices are omitted.
Their cumulative counts are

J∑
j=1

df,j = ⌈(J + 1)κ/b⌉ − ⌈1/b⌉ ,
J∑

j=1
dc,j = ⌊Jκ/b⌋ . (9.1)

Both are asymptotic to Jκ/b, where κ = 1/a.

Lemma 9.1 (The critical exponent). For real σ,
∑

j≥1 dX,jj
−σ converges if and only if

σ > κ.

Proof. The cumulative bound is O(Jκ). Split the sum into dyadic intervals [2m, 2m+1); the
contribution is O(2m(κ−σ)), summable if σ > κ. Conversely, the number of levels counted
with multiplicity in such an interval is asymptotic to (2κ − 1)2mκ/b. The contribution is
bounded below by a positive constant times 2m(κ−σ) for large m, including the case σ = κ. It
cannot be summable then. □
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Let p = ⌊κ⌋ and define

Ep(w) = (1 − w) exp
( p∑

ℓ=1

wℓ

ℓ

)
, QX(z) =

∏
j≥1

Ep(−z/j)dX,j . (9.2)

The sum is empty for p = 0.

Theorem 9.2 (A convergent spectral product). The product (9.2) converges locally uniformly
to an entire function. Its zeros are −j with multiplicity dX,j, and QX(0) = 1. The integer
p is the least nonnegative genus for which these standard factors give a nonzero canonical
product.

On Ω = {z : Re z > −1}, use the analytic logarithm normalized at zero. Then

Q′
X(z)

QX(z) = (−1)pzp
∑
j≥1

dX,j

jp(j + z) , (9.3)

dp+1

dzp+1 logQX(z) = (−1)pp!
∑
j≥1

dX,j

(j + z)p+1 . (9.4)

For |z| < 1,

logQX(z) =
∞∑

ℓ=p+1

(−1)ℓ+1

ℓ
ZX(ℓ, 0)zℓ, ZX(s, z) =

∑
j≥1

dX,j(j + z)−s. (9.5)

The original series for ZX converges absolutely for Re s > κ on Ω.

Proof. For |z| ≤ R and j > 2R, logEp(−z/j) = OR(j−p−1), uniformly in z. Lemma 9.1
applies since p+ 1 > κ. The logarithmic tail therefore converges normally; finite factors give
exactly the claimed zeros and no others. If a smaller genus g has g + 1 ≤ κ, the leading real
term of logEg(−z/j) at a fixed small positive z is (−1)gzg+1/((g + 1)jg+1). Its large-j terms
have one sign, and their weighted sum diverges by the lemma. Such factors cannot define a
finite nonzero product with value one at the origin.

On Ω, each j + z has positive real part, so the logarithms can be chosen consistently.
Differentiating the normally convergent tail gives

1
j + z

+
p∑

ℓ=1

(−1)ℓzℓ−1

jℓ
= (−1)pzp

jp(j + z) .

This proves the first derivative. Differentiating the logarithm p + 1 times kills all the
subtraction polynomials and proves the second. To obtain (9.5), expand the same logarithm
at zero. The joint series of absolute values is bounded on |z| ≤ r < 1 by a constant times∑

j dX,jj
−p−1, so interchange is justified. Comparison with j− Re s also proves the convergence

claim for ZX . □

For a concrete operator interpretation, let LX be diagonal on the positive-index rounded
states, with eigenvalue j repeated dX,j times. Its inverse is compact. For an integer m ≥ 1,
membership in the Schatten class Sm means

∑
j dX,jj

−m < ∞; thus L−1
X ∈ Sp+1. The

standard eigenvalue definition of the modified Fredholm determinant [8, Equation (1.3)] gives

QX(z) = detp+1(I + zL−1
X ). (9.6)

In the spherical square-root example Lc = A and Lf = B with its zero eigenspace removed.
The derivatives in (9.4) are actual convergent traces of resolvent powers of these specified
operators.
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9.2. Zeta values and resolvent responses. For a = 1/2, b = 1, p = 2 and dc,j = 2j − 1, so

Qc(z) =
∏
n≥1

(
1 + z

⌈
√
n⌉

)
exp

[
− z

⌈
√
n⌉

+ z2

2 ⌈
√
n⌉ 2

]
. (9.7)

This is the infinite product transformation (3.8) applied to normalized scalar factors. Its
logarithms converge absolutely. The product-zeta bridge becomes

logQc(z) =
∞∑

ℓ=3

(−1)ℓ+1

ℓ
[2ζ(ℓ− 1) − ζ(ℓ)]zℓ, |z| < 1. (9.8)

The coefficient in brackets is exactly the unscaled C2(ℓ) of (2.16). Thus the zeta function
gives the local coefficients of a determinant function.

For Re s > 2 and Re z > −1, write j = (j + z) − z to get

Zc(s, z) = 2ζ(s− 1, 1 + z) − (2z + 1)ζ(s, 1 + z). (9.9)

In particular,

d3

dz3 logQc(z) = 4ζ(2, 1 + z) − 2(2z + 1)ζ(3, 1 + z) = 2 Tr(A+ zI)−3. (9.10)

The displayed Hurwitz expression is derived from the absolutely convergent trace sum, not
from a divergent formal resolvent trace.

The same application retains the scaled sector of Proposition 8.1: use dj = 2 ⌊j/2⌋ in (9.2).
Its shifted sum is

Z−(s, z) = ζ(s− 1, 1 + z) − zζ(s, 1 + z) − 2−sζ

(
s,

1 + z

2

)
. (9.11)

Indeed, 2 ⌊j/2⌋ = j − 1{j odd}; split the odd positive integers as 2k + 1. Its third logarithmic
derivative is 2Z−(3, z). Thus rational-scale corrections also survive in the infinite determinant
response.

9.3. Finite-cutoff normalization and convergence. Let H(r)
M =

∑M
j=1 j

−r and HM =
H

(1)
M . For the spherical ceiling spectrum the finite normalization is

Qc,M (z) = DM (z)
DM (0) exp

[
−z(2M −HM ) + z2

2 (2HM −H
(2)
M )

]
. (9.12)

The two counterterms are finite sums over the same spectrum: TrA−1
M = 2M − HM and

TrA−2
M = 2HM − H

(2)
M . Taking logarithms of the finite product (4.15) proves (9.12); The-

orem 9.2 then proves Qc,M → Qc locally uniformly. For z > 0 the unnormalized ratio
DM (z)/DM (0) itself diverges.

For |z| ≤ R and M > 2R, the logarithm of the tail product, normalized to zero at z = 0,
satisfies ∣∣∣∣∣log Qc(z)

Qc,M (z)

∣∣∣∣∣ ≤ 2R3

3(1 −R/(M + 1))M . (9.13)

At zeros of the finite product the quotient means its removable tail expression. To prove the
bound, expand the primary-factor logarithm: its absolute tail is at most R3/(3j3(1 −R/(M +
1))). Multiply by 2j − 1 ≤ 2j and use

∑
j>M j−2 ≤ 1/M . This bound gives a concrete error

estimate for the limit.
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9.4. Barnes evaluations and shifted zeta functions. The connection with the Barnes-
zeta framework can be written directly. For Rew > 0 and Re s > 2, define

ζ2(s, w | 1, 1) =
∑

m,n≥0
(w +m+ n)−s = ζ(s− 1, w) + (1 − w)ζ(s, w).

Grouping by k = m+ n gives k + 1 terms at each level. Consequently the shifted spherical
sums satisfy

Zc(s, z) = 2ζ2(s, 1+z | 1, 1)−ζ(s, 1+z), Zf (s, z) = 2ζ2(s, 1+z | 1, 1)+ζ(s, 1+z). (9.14)

This places the evaluations within the earlier Barnes-zeta treatment [15, Sections 2–4]. The
specific rounded-count realizations, relative cancellation and finite Gaussian comparison are
the applications developed here.

The classical gamma and Barnes products [5, Sections 5.8 and 5.17] evaluate both spherical
canonical functions:

Qc(z) = G(1 + z)2Γ(1 + z)(2π)−z exp
[
(1 + γ)z +

(
1 + γ − ζ(2)

2

)
z2
]
, (9.15)

Qf (z) = G(1 + z)2

Γ(1 + z) (2π)−z exp
[
(1 − γ)z +

(
1 + γ + ζ(2)

2

)
z2
]
. (9.16)

Here γ is Euler’s constant, and Qf uses multiplicities 2j + 1. The expressions have the entire
continuations defined by their canonical products. For a derivation, set

U(z) =
∏
j≥1

E2(−z/j)j , V (z) =
∏
j≥1

E2(−z/j).

DLMF 5.17.3 gives U(z) = G(1 + z)(2π)−z/2ez/2+(1+γ)z2/2. The gamma product gives
V (z) = e−γz+ζ(2)z2/2/Γ(1 + z). Now Qc = U2/V and Qf = U2V , proving both constants and
signs. These evaluations are useful when standard special functions are available, while (9.13)
supplies a direct product-based approximation with an explicit error.

9.5. A sparse spectrum with an ordinary product. At a = 2, b = 1, both rounded
maps have eigenvalues n2. They are the Dirichlet eigenvalues of −d2/dx2 on (0, π), with
eigenfunctions sin(nx). Now κ = 1/2 and p = 0, so the ordinary product already converges:∏

n≥1

(
1 + z

n2

)
= sinh(π

√
z)

π
√
z

. (9.17)

This is the classical hyperbolic-sine product [5, Section 4.36], interpreted at zero by its power
series. For z > 0, differentiation gives the convergent resolvent sum∑

n≥1

1
n2 + z

= π

2
√
z

coth(π
√
z) − 1

2z . (9.18)

At zero its limit is π2/6. This classical check explains the role of the critical exponent: the
sparse squared spectrum needs no counterterms, whereas the square-root spherical spectrum
needs two.

9.6. Floor–ceiling cancellation and relative products. For unscaled integer roots q ≥ 2,
put

νq(j) = fq(j) − cq(j) = (j + 1)q − 2jq + (j − 1)q. (9.19)
These nonnegative weights have degree q− 2, with leading coefficient q(q− 1). Their Dirichlet
series ∆q(s) =

∑
j≥1 νq(j)j−s converges for Re s > q− 1 and agrees with Fq(s) −Cq(s) where

the individual series converge. The binomial theorem gives

∆q(s) =
q−2∑
k=0

[1 + (−1)q−k]
(
q

k

)
ζ(s− k). (9.20)
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This is the pole-canceling difference noted in Part II [2, Remark 2]. In particular ∆q(q) is an
ordinary convergent sum, rather than subtraction of two divergent series.

Its direct product application is
Rq(z) =

∏
j≥1

Eq−1(−z/j)νq(j). (9.21)

It needs one fewer subtraction than the separate floor and ceiling products, because the
leading multiplicities have canceled. The proof of Theorem 9.2 applies to the degree q − 2
weights. Denoting the separate genus-q products by Qf,q, Qc,q, cancellation of their finite
factors gives

Qf,q(z)
Qc,q(z) = Rq(z) exp

[(−1)q

q
∆q(q)zq

]
(9.22)

on Ω, and meromorphically with the corresponding removable common zeros. Indeed,
Eq(−z/j) = Eq−1(−z/j)e(−1)qzq/(qjq). This gives a product form of the zeta cancellation in a
relative determinant.

For the sphere, ν2(j) = 2 and the gamma product gives

R2(z) =
∏
j≥1

(
1 + z

j

)2
e−2z/j = e−2γz

Γ(1 + z)2 . (9.23)

It compares the positive B spectrum with the A spectrum, whose multiplicities differ by two
at every positive level. Equation (9.22) reads Qf/Qc = eζ(2)z2R2. The normalized relative
zeta determinant is instead Γ(1 + z)−2, as verified below.

9.7. Balanced ordinary products and Gaussian comparisons.

Proposition 9.3 (Moment balance). Let integer εν and shifts zν ∈ Ω satisfy
∑

ν ενz
ℓ
ν = 0

for ℓ = 1, . . . , p. Then ∏
j≥1

[∏
ν

(1 + zν/j)εν

]dX,j

=
∏
ν

QX(zν)εν (9.24)

is an ordinary finite nonzero limit, absolutely convergent in logarithms.

Proof. Expand the factor logarithms for large j. Their first p coefficients vanish by moment
balance, leaving O(j−p−1). Lemma 9.1 gives absolute convergence. The same equations cancel
every primary-factor exponential, which proves the identity. The finitely many remaining
factors are nonzero. □

For the spherical ceiling counts take p = 2 and shifts 0, t, 2t, 3t with weights 1,−3, 3,−1,
where t > 0. They cancel the first two moments, giving

B(t) =
∏
j≥1

[
j(j + 2t)3

(j + t)3(j + 3t)

]2j−1

= Qc(2t)3

Qc(t)3Qc(3t)
. (9.25)

If BM denotes the product through level M , the finite Gaussian integrals of (4.18) satisfy
ZM (0)ZM (2t)3

ZM (t)3ZM (3t) = BM (t)−1/2 −→ B(t)−1/2. (9.26)

The factors (2π)M2/2 cancel because the four weights also sum to zero. Thus an ordinary
infinite product computes a cutoff-independent comparison of four explicitly specified Gaussian
systems; no individual infinite Gaussian normalization is assumed.

The limit has a useful error bound:

0 ≤ log BM (t) − log B(t) ≤ 4t3

M
. (9.27)

To prove it, apply the fundamental theorem of calculus three times to f(x) = log x: f(j +
3t) − 3f(j+ 2t) + 3f(j+ t) −f(j) equals the integral of f ′′′(j+u+v+w) = 2/(j+u+v+w)3
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over [0, t]3. The factor logarithm in (9.25) is its negative, with modulus at most 2t3/j3.
Multiply by 2j− 1 ≤ 2j and sum the tail using

∑
j>M j−2 ≤ 1/M . In particular 0 < B(t) < 1.

The Barnes expressions give the closed evaluation

B(t) = G(1 + 2t)6

G(1 + t)6G(1 + 3t)2
Γ(1 + 2t)3

Γ(1 + t)3Γ(1 + 3t) . (9.28)

All linear and quadratic exponential normalizations cancel by the same moment equations.
This supplies both a special-function evaluation and a direct finite-product approximation.
For example, at t = 1/6 the two evaluations give

B(1/6) ≈ 0.9869734302763, lim
M→∞

ZM (0)ZM (1/3)3

ZM (1/6)3ZM (1/2) ≈ 1.0065776179292.

If ρM = BM (1/6)−1/2, the proved bound gives ρM ≤ B(1/6)−1/2 ≤ ρMe1/(108M). At M = 100
this is a multiplicative error of at most e1/10800 −1, approximately 9.26×10−5. The numerical
values are corroborated by the supplied program; the error guarantee follows from (9.27).

9.8. Canonical and zeta-regularized normalizations. For the sphere, (9.9) continues
regularly to s = 0. Define

Dζ,c(z) = exp[−∂sZc(0, z)]. (9.29)
The known relationship between zeta and canonical products [9, 15] is explicit here:

Dζ,c(z)
Dζ,c(0) = Qc(z) exp

[
−(1 + γ)z −

(
1 + γ − ζ(2)

2

)
z2
]
. (9.30)

We give a derivation of the normalization rather than identify two different determinants by
notation. On Ω, both normalized logarithms have third derivative 2Zc(3, z): differentiate
∂3

zZc(s, z) = −s(s+ 1)(s+ 2)Zc(s+ 3, z) at s = 0. The latter series is convergent near zero,
so this calculation continues the identity legitimately. At z = 0,

Zc(1 + s, 0) = −s−1 − (1 + γ) +O(s), Zc(2 + s, 0) = 2s−1 + 2γ − ζ(2) +O(s).

Using ∂zZc = −sZc(s+ 1, z) and ∂2
zZc = s(s+ 1)Zc(s+ 2, z) gives the first two derivatives

of logDζ,c as −(1 + γ) and −2(1 + γ) + ζ(2). The first two derivatives of logQc vanish by
construction. Their difference is therefore precisely the polynomial in (9.30), initially near
zero and then throughout the connected half-plane.

The positive B spectrum has Zf (s, z) = 2ζ(s − 1, 1 + z) + (1 − 2z)ζ(s, 1 + z). Hence
Zf − Zc = 2ζ(s, 1 + z), and the classical identity ζ ′(0, w) = log Γ(w) − 1

2 log(2π) gives

Dζ,f (z)/Dζ,c(z)
Dζ,f (0)/Dζ,c(0) = Γ(1 + z)−2. (9.31)

This verifies the claimed relative normalization.
The finite sums determine the required counterterms and observables; the finite products
determine Gaussian normalizations and cutoff determinants. Their convergent infinite
continuations produce resolvent traces, modified determinants and balanced Gaussian ratios.
The functions Fq and Cq enter both the product coefficients and the reduction in relative-
product genus. These connections use one rounded counting measure throughout the spectral
and Gaussian constructions.

10. Probability and finite moments

Maximum distributions and survival probabilities can be expressed through the rounded level
counts. The finite power-sum formulas of [1] give their moments, while geometric inputs lead
to discrete-Weibull laws.
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10.1. Maxima of independent discrete uniforms.

Proposition 10.1 (Two realizations of the same law). Let q,M ∈ N. If X1, . . . , Xq are
independent and uniform on {1, . . . ,M}, then J = maxiXi has distribution

P(J = j) = cq(j)
M q

, 1 ≤ j ≤ M. (10.1)

The same law is obtained from J =
⌈
N1/q

⌉
when N is uniform on {1, . . . ,M q}.

Proof. Independence gives P(J ≤ j) = (j/M)q. Taking differences proves (10.1). For the
second construction, the integers n with

⌈
n1/q

⌉
= j satisfy (j − 1)q < n ≤ jq, so there are

exactly cq(j) of them. □

For an integer p ≥ 0, the finite ceiling power sums therefore calculate

E[Jp] = M−q
M∑

j=1
cq(j)jp = M−q

q−1∑
k=0

(−1)q−k+1
(
q

k

)
M∑

j=1
jp+k. (10.2)

The ordinary power sums use the classical formulas, as in Part I, Section 4 [1]. For q = 2, p = 1,

E[J ] = M−2

2
M∑

j=1
j2 −

M∑
j=1

j

 = (M + 1)(4M − 1)
6M , (10.3)

E[J2] = (M + 1)(3M2 +M − 1)
6M . (10.4)

At M = 10 the mean is 143/20 = 7.15.
The cubical shell and ceiling block have the same count cq(j). For independent uniform

task durations, their maximum is the total completion time, with moments given by (10.2).

10.2. Geometric inputs and discrete survival laws. Let N have the positive geometric
law P(N = n) = (1 − r)rn−1, n ≥ 1, with 0 < r < 1. Its tail is P(N > k) = rk for integers
k ≥ 0.

Theorem 10.2 (Rounded geometric survival law). For a, b > 0 and J = ⌈(bN)a⌉,

P(J > j) = r⌊j1/a/b⌋, j ∈ N0. (10.5)
For a = 1/q, b = 1 this specializes to

P(J > j) = rjq
, (10.6)

P(J = j) = r(j−1)q − rjq
, j ≥ 1. (10.7)

In this specialization, for p ∈ N,
E[Jp] =

∑
j≥0

(
(j + 1)p − jp)rjq

. (10.8)

Proof. For integer j, ⌈x⌉ > j is equivalent to x > j. Thus J > j if and only if N > j1/a/b,
which is the same as N >

⌊
j1/a/b

⌋
. This proves the general tail, and taking its successive

differences proves the mass function. For a positive integer-valued J ,

Jp =
J−1∑
j=0

(
(j + 1)p − jp).

Tonelli’s theorem gives the moment formula. Its summands are a polynomial times rjq , so
every such moment is finite. □

In the convention supported on N0, J−1 has the discrete-Weibull mass function rkq −r(k+1)q .
The distributional family is established in the discrete reliability literature [10]; the rounded
geometric construction above is derived directly from inverse level thresholds.
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Corollary 10.3 (A theta-function mean). For q = 2,

E[J ] =
∑
j≥0

rj2 = 1 + ϑ3(0, r)
2 . (10.9)

At r = 1/2, E[J ] ≃ 1.56446841360594.

Proof. Use (10.8) at p = 1 and the normalization ϑ3(0, r) = 1 + 2
∑

j≥1 r
j2 [5, Equation

20.2.3]. □

Other input laws are treated by evaluating their survival functions at the same inverse
thresholds.

11. Natural boundaries at irrational linear scales

At linear scales these functions belong to the Beatty and step-sequence generating-function
setting [7]. The Pólya–Carlson theorem [11] gives a natural boundary when the integer
coefficients have radius one and are not eventually periodic.

A different analytic behavior occurs for a = 1 and irrational b = α > 1.

Theorem 11.1 (Natural boundary). For every irrational α > 1, both Hc(z; 1, α) and
H

(+)
f (z; 1, α) have radius of convergence one and the unit circle as a natural boundary.

Proof. The ceiling coefficients are

wj = ⌊j/α⌋ − ⌊(j − 1)/α⌋ ∈ {0, 1},
N∑

j=1
wj = ⌊N/α⌋ .

Thus there are infinitely many ones and their density is 1/α, an irrational number. The
coefficients of the positive-index floor series are also in {0, 1}, and their cumulative count
up to N is ⌈(N + 1)/α⌉ − 1. Their density is the same. In either case the coefficients are
bounded by one and equal one infinitely often, so Cauchy–Hadamard gives radius one.

Neither coefficient sequence can be eventually periodic, since an eventually periodic binary
sequence has rational density. If its generating function were rational, its coefficients would,
after finitely many indices, satisfy a constant-coefficient linear recurrence. The recurrence
determines the next coefficient from a fixed number of preceding binary coefficients. There
are finitely many such states. Along the infinite sequence a state must recur, forcing eventual
periodicity, which is impossible.

Apply the classical Pólya–Carlson theorem: for an integer-coefficient series with convergence
radius one, failure to be a rational function forces the entire unit circle to obstruct analytic
continuation [11, Section 1]. This proves the assertion. □

A natural boundary obstructs analytic continuation through every point of the boundary
circle.

The count supplies the classical theorem’s hypotheses. At rational linear scales the
coefficients are periodic and the corresponding functions are rational. The nonlinear case
requires separate analysis.

12. Beatty sequences and balanced allocation

The inverse counts give a generating-function form of Beatty complementation [7] and a
mechanical-word allocation rule [12].
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12.1. Complementary floor levels.

Proposition 12.1 (A generating-function form of Beatty complementation). Let α > 1 be
irrational and β = α/(α− 1). Then for |z| < 1,

H
(+)
f (z; 1, α) +H

(+)
f (z; 1, β) = z

1 − z
. (12.1)

Equivalently, the positive integers ⌊αn⌋ and ⌊βn⌋, n ≥ 1, form disjoint complementary
sequences.

Proof. The reciprocals satisfy 1/α+ 1/β = 1. For j ≥ 1, the two noninteger numbers j/α and
j/β sum to j, so their ceilings sum to j + 1. Subtract this identity at j from its version at
j + 1. The result is µf (j; 1, α) + µf (j; 1, β) = 1. Both positive-index series have no level zero
because α, β > 1. Each positive coefficient therefore equals one in the sum of their generating
functions. □

For α = ϕ = (1 +
√

5)/2, β = ϕ2, the sequences begin

1, 3, 4, 6, 8, 9, 11, . . . and 2, 5, 7, 10, 13, 15, 18, . . . .

The multiplicity formula thus yields complementary Beatty sequences and connects their
generating functions with balanced words [12].

12.2. A deterministic allocation rule.

Proposition 12.2 (Balanced allocation). Let 0 < ρ < 1 and define

uj = ⌊(j + 1)ρ⌋ − ⌊jρ⌋ , j ≥ 0. (12.2)

Then uj ∈ {0, 1}, and

N−1∑
j=0

uj = ⌊Nρ⌋ ,

∣∣∣∣∣∣
N−1∑
j=0

uj −Nρ

∣∣∣∣∣∣ < 1. (12.3)

The number of ones in any block of length L is either ⌊Lρ⌋ or ⌈Lρ⌉. In particular, any two
such blocks differ by at most one.

Proof. The increment ρ is between zero and one, proving the binary property. Telescope for
the prefix formula. For a block starting at m the count is ⌊(m+ L)ρ⌋−⌊mρ⌋ = ⌊Lρ+ {mρ}⌋,
which has one of the two claimed values. This also proves the block balance. □

Assign slot j to resource A when uj = 1 and to B otherwise. The prefix discrepancy
is less than one slot, and equal-length blocks differ in their A allocations by at most one.
For rational ρ the pattern is periodic. For irrational ρ it is an aperiodic mechanical word:
eventual periodicity would force a rational limiting density, contrary to (12.3).

With b = 1/ρ, these are linear ceiling multiplicities after an index shift. The count therefore
gives both a generating function and a two-resource schedule with the proved discrepancy
bound.

13. Integral counterparts and an error bound

Replacing a discrete fiber count by its interval length yields the integral counterpart suggested
in [2, Section 11.4]. Summation by parts bounds the discrete–continuous difference.
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13.1. Replacing counts by interval lengths.

Theorem 13.1 (Integral level formulas). Let a, b > 0 and κ = 1/a. For a nonnegative weight
w, or under absolute integrability,∫ ∞

0
w(⌈(bx)a⌉) dx = 1

b

∑
j≥1

(
jκ − (j − 1)κ)w(j), (13.1)

∫ ∞

0
w(⌊(bx)a⌋) dx = 1

b

∑
j≥0

(
(j + 1)κ − jκ)w(j). (13.2)

Proof. The ceiling value is j on ((j − 1)κ/b, jκ/b], whose length is (jκ − (j − 1)κ)/b. The
single point x = 0 has measure zero. The floor value is j on [jκ/b, (j + 1)κ/b), with the other
displayed length. Integrate over these disjoint intervals and use Tonelli’s theorem or absolute
integrability. □

The integral construction proposed in Part II, Section 11.4 [2], thus replaces a discrete
count by interval length. For κ = q ∈ N, the weights are cq(j)/b and fq(j)/b.

13.2. A bound uniform in the number of levels.

Theorem 13.2 (Discrete–continuous comparison). Suppose w(j) ≥ 0 decreases to zero on N
and the integral I =

∫∞
0 w(⌈(bx)a⌉) dx is finite. Then S =

∑
n≥1w(⌈(bn)a⌉) is finite and

0 ≤ I − S ≤ w(1). (13.3)

Proof. Write Vj = jκ/b, Nj = ⌊Vj⌋ and Ej = Vj − Nj ∈ [0, 1), with all three zero at j = 0.
For a finite number of levels M , summation by parts gives

IM − SM = EMw(M) +
M−1∑
j=1

Ej
(
w(j) − w(j + 1)

)
, (13.4)

where IM =
∑M

j=1(Vj −Vj−1)w(j) and SM =
∑M

j=1(Nj −Nj−1)w(j). All terms on the right are
nonnegative. Since 0 ≤ Ej < 1, their sum is at most w(M) +

∑M−1
j=1 (w(j) −w(j + 1)) = w(1).

Thus 0 ≤ SM ≤ IM ≤ I, proving convergence of SM . Passing to the limit proves the bound;
EMw(M) → 0. □

For a = 1/q and w(j) = zj , 0 < z < 1, Theorem 13.1 and (13.3) give

0 ≤ Hc,q(z)
b

−Hc(z; 1/q, b) ≤ z. (13.5)

This recovers (8.7) and its 1/6 gap in the q = b = 2, z = 1/2 example of Section 8.
The cumulative count differs from interval length by less than one. Summation by parts

transfers this discrepancy to decreasing weights; for oscillatory weights, an estimate in discrete
total variation can replace monotonicity.

14. Reciprocal-Fibonacci moments and generating functions

Reciprocal-Fibonacci sums admit Lambert-series representations [13, 14]. The moment family
defined in [2] can be organized into one analytic generator, giving a rational-term expansion
and an explicit tail bound.

Let F1 = F2 = 1 and Fn+2 = Fn+1 + Fn. Part II, Section 6, equation (13), defines the
Shah–Pingala function

S(q) =
∑
n≥1

nq

Fn
, q ∈ N0. (14.1)

Here Fn denotes a Fibonacci number; the function Fq(s) in (2.14) is the floor Dirichlet
transform.

The following generator also proves convergence of every S(q).
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Proposition 14.1 (Moment generator). The power series

GF(z) =
∑
n≥1

zn

Fn
(14.2)

has radius of convergence ϕ = (1 +
√

5)/2. For q ∈ N0,

S(q) = (z d/dz)qGF(z)|z=1 = dq

dtqGF(et)
∣∣∣∣
t=0

. (14.3)

Proof. Binet’s formula gives F 1/n
n → ϕ, so Cauchy–Hadamard gives radius ϕ. The point z = 1

is strictly inside that disk, and termwise differentiation multiplies the nth coefficient by nq.
The substitution z = et changes z d/dz to d/dt. □

Set rk = (−1)kϕ−(2k+1), k ≥ 0.

Theorem 14.2 (Rational-term expansion). For |z| < ϕ and q ∈ N0,

GF(z) =
√

5
∑
k≥0

rkz

1 − rkz
, (14.4)

S(q) =
√

5
∑
k≥0

Li−q(rk). (14.5)

For a truncation at k = K, the latter tail satisfies∣∣∣∣∣∣
√

5
∑

k≥K

Li−q(rk)

∣∣∣∣∣∣ ≤
√

5 Li−q(ϕ−1)
ϕ−1

ϕ−(2K+1)

1 − ϕ−2 . (14.6)

Proof. By Binet’s formula,
1
Fn

=
√

5ϕ−n

1 − (−1)nϕ−2n
=

√
5
∑
k≥0

(
(−1)kϕ−(2k+1))n.

To interchange the sums after multiplication by zn, observe that∑
n≥1

∑
k≥0

|z|n|rk|n =
∑
n≥1

(|z|/ϕ)n

1 − ϕ−2n
≤ 1

1 − ϕ−2

∑
n≥1

(|z|/ϕ)n < ∞.

Summing the inner geometric series gives (14.4). Multiplication by nq preserves absolute
convergence at z = 1, proving (14.5).

Let ρ = ϕ−1. For |r| ≤ ρ,

| Li−q(r)| ≤
∑
n≥1

nq|r|n ≤ |r|
∑
n≥1

nqρn−1 = |r|Li−q(ρ)
ρ

.

Finally,
∑

k≥K |rk| = ϕ−(2K+1)/(1 − ϕ−2). □

The Binet/geometric expansion is the classical Lambert-series method [13, 14]; Euler
differentiation gives the full moment family from one generator.

Every summand in (14.5) is a rational function of rk, since Li−q(r) =
(
r d/dr

)q[r/(1 − r)].
For example,

Li0(r) = r

1 − r
, Li−1(r) = r

(1 − r)2 , Li−2(r) = r(1 + r)
(1 − r)3 .

The first values are
S(0) ≃ 3.35988566624318,
S(1) ≃ 9.32045171228187,
S(2) ≃ 40.1589010753011.
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Normalizing the reciprocal-Fibonacci weights gives

P(N = n) = 1
S(0)Fn

, n ≥ 1. (14.7)

They are positive and sum to one. The moments and moment generating function are

E[N q] = S(q)
S(0) , MN (t) = GF(et)

S(0) , t < log ϕ. (14.8)

The restriction on t is exact: for t ≥ log ϕ the summands etn/Fn do not tend to zero.
Numerically the mean and variance are 2.77403835669904 and 4.25717180420114, respectively.

Thus one coefficient transform organizes the inherited moment family and gives a com-
putable expansion with the bound (14.6).

15. Finite compression and power-bounded double sums

The finite level formulas [1] reduce the number of weight evaluations by grouping complete
fibers and retaining the last partial block.

15.1. Single-index block formulas.

Theorem 15.1 (Finite block formulas). Let q,N ∈ N and let w be any weight on the positive
integers. Put m =

⌊
N1/q

⌋
and M =

⌈
N1/q

⌉
. Then

N∑
n=1

w(
⌊
n1/q

⌋
) =

m−1∑
j=1

fq(j)w(j) + (N −mq + 1)w(m), (15.1)

N∑
n=1

w(
⌈
n1/q

⌉
) =

M−1∑
j=1

cq(j)w(j) + (N − (M − 1)q)w(M). (15.2)

Proof. For the floor, complete positive blocks are jq, . . . , (j + 1)q − 1 for 1 ≤ j < m. The
last block is mq, . . . , N , with length N − mq + 1. For the ceiling, complete blocks are
(j − 1)q + 1, . . . , jq for 1 ≤ j < M . The last is (M − 1)q + 1, . . . , N . Summing the constant
weight on each block gives the formulas. They include the case of a perfect power N without
changing any endpoint. □

The original repetition method [1] uses m or M weight evaluations. For fixed q > 1 this is
O(N1/q); at q = 2, N = 106, both formulas require 1,000 evaluations. An integer root and
the polynomial block sizes determine the ranges.

This reduction is useful when weight evaluation is costly. The arithmetic overhead and
available closed forms still determine runtime; for a > 1, rounded levels need not repeat
frequently.

15.2. Compression of power-bounded double sums. The weighted finite identity of
Proposition 3.2 also applies when the input set consists of integer pairs. We use a power-
bounded region to connect finite compression with a theta trace, a fractional zeta pole and
a quantitative occupation-product expansion. The reordering is elementary counting by
columns; the theta transformation used below is classical [5, Section 20.7].

For ρ > 0 and n ∈ N, put

Rρ,n = {(i, j) ∈ N2 : 1 ≤ i ≤ n, i ≤ j ≤ ⌊iρ⌋}, Sρ,n(w) =
∑

(i,j)∈Rρ,n

w(j). (15.3)

An empty inner interval contributes zero. If ρ = p/(q+1), where p, q > 0, the upper condition
is equivalently j ≤ ip/jq. This is a comparison with the running index j; the different
condition ip/jq > 1 has a different cutoff.
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Theorem 15.2 (Column counts and double-sum compression). For ρ > 0, let M = ⌊nρ⌋
and [x]+ = max(x, 0). Then

dρ,n(j) = [min(n, j) −
⌈
j1/ρ

⌉
+ 1]+, 1 ≤ j ≤ M, (15.4)

Sρ,n(w) =
M∑

j=1
dρ,n(j)w(j). (15.5)

In particular, for ρ = p/(q + 1) this uses O(
⌊
np/(q+1)

⌋
) weight and root evaluations.

Proof. For fixed j, the admissible first indices satisfy
⌈
j1/ρ

⌉
≤ i ≤ min(n, j). Counting this

interval proves (15.4); summing its identical weights proves (15.5). □

The complexity statement counts evaluations, with fixed parameters; it does not assert
a bit-complexity bound. For ρ > 1, direct enumeration visits Θ(nρ+1) pairs, whereas (15.5)
has ⌊nρ⌋ terms. If a prefix W (m) =

∑m
j=1w(j) can be evaluated directly, the alternative

Sρ,n(w) =
∑n

i=1[W (⌊iρ⌋) −W (i− 1)] uses only n prefix differences. At ρ = 1 the region is
the diagonal; for 0 < ρ < 1 it consists solely of (1, 1). The remaining applications therefore
assume ρ > 1.

Let β = 1/ρ ∈ (0, 1) and let Rρ,∞ =
⋃

n Rρ,n. Its column counts are

dρ(j) = j −
⌈
jβ
⌉

+ 1, 1 ≤ dρ(j) ≤ j, dρ,n(j) −→ dρ(j). (15.6)

Thus the infinite regrouping is valid whenever
∑

j≥1 j|w(j)| < ∞, or for nonnegative weights
with an extended value. On ℓ2(Rρ,∞), define Lρei,j = jei,j with its natural diagonal domain.
This positive self-adjoint model has compact inverse and eigenvalue j of multiplicity dρ(j).

15.3. A quadratic cutoff and its theta trace. For ρ = 2, write Hn(z) = S2,n(j 7→ zj),
H(z) =

∑
j≥1 d2(j)zj , and Θn(z) =

∑n
k=1 z

k2 .

Theorem 15.3 (Theta evaluation and finite-cutoff error). For |z| < 1,

Hn(z) = z(1 − zn)
(1 − z)2 − z

1 − z
Θn(z), (15.7)

H(z) = z

(1 − z)2 − z

1 − z

∑
k≥1

zk2
. (15.8)

For t > 0, put Kn(t) = Hn(e−t) and K(t) = H(e−t) = Tr e−tL2. Then

0 ≤ K(t) −Kn(t) ≤ e−t(n+1)

(1 − e−t)2 . (15.9)

As t ↓ 0,

K(t) = t−2 −
√
π

2 t−3/2 + 1
2 t

−1 +O(t−1/2). (15.10)

Proof. The row sum is
∑i2

j=i z
j = (zi − zi2+1)/(1 − z). Summing over i ≤ n proves (15.7).

The bound d2(j) ≤ j justifies the infinite limit and proves (15.8). For a fixed j > n, at most
j − n states have been omitted, and none are omitted at j ≤ n. Therefore 0 ≤ K −Kn ≤∑

j>n(j −n)e−tj , giving (15.9). The same argument bounds |H(z) −Hn(z)| by rn+1/(1 − r)2

on |z| ≤ r < 1.
The Jacobi transformation [5, Equation 20.7.32] gives∑

k≥1
e−tk2 =

√
π

2
√
t

− 1
2 +O(t−1/2e−π2/t).

Substitute this into (15.8) and use e−t/(1−e−t)2 = t−2+O(1) and (et−1)−1 = t−1−1/2+O(t).
Keeping terms through t−1 proves (15.10). □
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The fractional power measures the deficit j − d2(j) =
⌈√
j
⌉

− 1 from the multiplicity j. It
is a feature of the specified diagonal model; its finite approximations have the explicit error
(15.9).

15.4. A fractional pole in the zeta transform.

Theorem 15.4 (Meromorphic continuation to a half-plane). For ρ > 1, β = 1/ρ and
Re s > 2, define

Zρ(s) = TrL−s
ρ =

∑
j≥1

dρ(j)j−s.

Then

Zρ(s) = ζ(s− 1) − ζ(s− β) + Eρ(s), Eρ(s) =
∑
j≥1

(jβ −
⌈
jβ
⌉

+ 1)j−s. (15.11)

The function Eρ is holomorphic on Re s > 1. Consequently Zρ continues meromorphically
to that half-plane, with precisely two simple poles: residue 1 at s = 2 and residue −1 at
s = 1 + β.

Proof. Write dρ(j) = j − jβ + εj , where 0 < εj ≤ 1. Absolute convergence gives (15.11) on
Re s > 2. The bound on εj gives locally uniform convergence of Eρ on Re s > 1. The two
shifted zeta poles are distinct and cannot be canceled by this holomorphic remainder. □

For ρ = 2 the theta trace gives a further continuation. Mellin integration initially yields
Γ(s)Z2(s) =

∫∞
0 ts−1K(t) dt for Re s > 2. Subtracting the three terms of (15.10) on (0, 1)

gives

Γ(s)Z2(s) = 1
s− 2 −

√
π/2

s− 3/2 + 1/2
s− 1 + F (s), Re s > 1

2 , (15.12)

where F is holomorphic there. The integral over (1,∞) is entire because K(t) decays
exponentially. Thus Z2 has poles at 2, 3/2, 1 with respective residues 1,−1, 1/2 in this larger
half-plane. In particular, the t−3/2 term and the pole at 3/2 describe the same counting
correction through different transforms.

15.5. A fractional correction to an occupation product. Use the multiplicities (15.6)
in the occupation construction of Section 5:

Pρ(z) =
∏
j≥1

(1 − zj)−dρ(j), Pρ,n(z) =
⌊nρ⌋∏
j=1

(1 − zj)−dρ,n(j). (15.13)

On |z| < 1 the logarithms converge locally uniformly, since dρ,n(j) ≤ dρ(j) ≤ j and
∑

j≥1 jr
j <

∞ for r < 1. Dominated convergence proves Pρ,n → Pρ locally uniformly.

Theorem 15.5 (Partition logarithm and cutoff control). For t > 0,

log P2(e−t) =
∑
r≥1

K(rt)
r

. (15.14)

As t ↓ 0,

log P2(e−t) = ζ(3)t−2 −
√
π

2 ζ(5/2)t−3/2 + 1
2ζ(2)t−1 +O(t−1/2). (15.15)

The finite products satisfy

0 ≤ log P2(e−t)
P2,n(e−t) ≤ − log(1 − e−t(n+1))

(1 − e−t)2 . (15.16)
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Proof. Expand − log(1−zj) =
∑

r≥1 z
jr/r. Absolute convergence, or Tonelli for real z ∈ (0, 1),

proves (15.14). The remainder in (15.10) is bounded by Ct−1/2 for all t > 0: near zero this is
the theorem, and on t ≥ 1 it follows from continuity, exponential decay of K, and decay of
the three subtracted powers. Hence its contribution to (15.14) is at most Ct−1/2∑

r≥1 r
−3/2.

Summing the three explicit powers proves (15.15). Apply (15.9) at rt and use 1−e−rt ≥ 1−e−t

to obtain

0 ≤ log P2(e−t)
P2,n(e−t) ≤ 1

(1 − e−t)2

∑
r≥1

e−rt(n+1)

r
,

which is (15.16). □

The Mellin representation of Theorem 5.3 likewise becomes

log Pρ(e−t) = 1
2πi

∫ c+i∞

c−i∞
Γ(s)ζ(s+ 1)Zρ(s)t−s ds, c > 2.

Absolute convergence on this line justifies the formula. For ρ = 2, the fractional pole
supplies the explicit secondary term in (15.15). This is an asymptotic expansion of the
product logarithm. Asymptotics of its individual coefficients require further coefficient-
extraction hypotheses and analysis; general multiple-pole results are developed in [4, 16]. The
finite compression, theta evaluation, zeta continuation and occupation expansion are four
applications of the same column counts.

16. Evaluation and computational verification

The same count supplies the spectral, Gaussian and occupation quantities considered here.
For c2(j) = 2j − 1, the geometric transform is the trace of e−tA, the Dirichlet transform is
ζA(s), and the Euler product counts unrestricted occupations of its modes. The finite product
gives a cutoff determinant and a Gaussian normalization; its convergent normalization gives
a determinant function with resolvent derivatives. The counts µc(j; 1/2, 2) = 2 ⌊j/2⌋ produce
the corresponding quantities on the odd azimuthal sector.

Polynomial counts reduce analytic coefficient transforms to finitely many derivatives.
Positive rational scales add a finite residue period, which supplies rational generating functions,
Hurwitz-zeta expressions and the finite rotations of (7.9). These representations are useful
when derivatives, standard special functions or symmetry restrictions can be evaluated directly.
Applying the same construction to another geometry requires its eigenvalues and multiplicities
to be specified first.

For power-bounded pairs, the same counts determine a theta trace, a fractional zeta pole and
a secondary partition term. Equations (15.9) and (15.16) control the finite approximations.

Computational checks. The source package includes the original verification programs anc/
verify_applications.py, anc/verify_revision.py and anc/verify_sum_products.py,
together with anc/verify_power_bounded.py for Section 15.2. They require Python 3.10
or later and use the standard library only. From the package root, run the combined driver
python3 anc/verify_all.py > rerun_results.json
Its recorded output is anc/all_results.json. The inherited result files and the new record
anc/power_bounded_results.json are also included. The execution instructions, numerical
settings and explicit tolerances are documented in anc/README.md.

Exact checks compare directly enumerated counts with clipped, weighted and residue
formulas, and compare independently computed partition coefficients. They also verify cutoff
determinant and Gaussian identities, counterterms and relative multiplicity polynomials.
Numerical checks evaluate finite rotations, scaled traces, canonical and balanced-product tails,
probability moments, the theta mean, reciprocal-Fibonacci evaluations, Beatty allocation and
integral comparisons. Gamma and Barnes evaluations use separate asymptotic/recurrence
calculations and are compared with zeta-series evaluations. Integer and rational arithmetic
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gives exact finite identities; Decimal and floating-point comparisons provide numerical
corroboration. The convergence and continuation results follow from the proofs in the text.

Additional checks compare power-bounded row and column counts at exact endpoints,
finite theta expressions, partition coefficients and both cutoff bounds. Numerical evalua-
tions corroborate the asymptotic coefficients; the proofs in Section 15.4 establish analytic
continuation.
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